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Abstract. We study a partially hyperbolic and topologically transi- 
tive local diffeomorpliism F that is a skew-product over a horseshoe 
map. This system is derived from a homoclinic class and contains in- 
finitely many hyperbolic periodic points of different indices and hence 
is not hyperbolic. The associated transitive invariant set A possesses 
a very rich fiber structure, it contains uncountably many trivial and 
uncountably many non-trivial fibers. Moreover, the spectrum of the 
central Lyapunov exponents of F\a contains a gap and hence gives rise 
to a first order phase transition. A major part of the proofs relies on 
the analysis of an associated iterated function system that is genuinely 
non-contracting. 
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1. Introduction 



In this paper we provide examples of non-hyperbolic transitive sets, that 
we call porcupine-like horseshoes or, briefly, porcupines, that show a rich 
dynamics although they admit a quite simple formulation. Their dynamics 
are conjugate to skew-products over a shift whose fiber dynamics are given 
by genuinely non-contracting iterated function systems (IFS) on the unit 
interval. 

Naively, from a topological point of view, a porcupine is a transitive set 
that looks like a horseshoe with infinitely many spines attached at various 
levels and in a dense way. In terms of its hyperbolic-like structure, it is a 
partially hyperbolic set with a one-dimensional center, whose spectrum of 
central Lyapunov exponents contains an interval with negative and positive 
values which, in particular, illustrates that the porcupine is non-hyperbolic. 
Although the dynamics on the porcupine is transitive, its spectrum of central 
exponents has a gap and thus gives rise to a first order phase transition. 

Our goal is to present these examples and to explore their dynamical 
properties. We are not aiming for the most general setting possible, but 
instead want to present the ideas behind our constructions. We think that 
these examples are representative providing models for a number of key 
properties of non-hyperbolic dynamics. 

1.1. Non-contracting iterated function systems. The analysis in this 
paper is essentially built on properties of a certain class of non-contracting 
iterated function systems associated to the central dynamics of the porcu- 
pine. 

We consider /q, f\ : [0, 1] — > M that are C k smooth, k > 1, and satisfy 

fo is orientation preserving, has an expanding fixed point q, a con- 
tracting fixed point p > q, and no further fixed points in (q,p), 
fi is an orientation reversing contraction 

that form an open set in the corresponding product topology. And we study 
the co-dimension 1 sub-manifold of maps satisfying the (q,p)-cycle condition 



Now we consider compositions of maps fi, i = 0, 1. Given a sequence 



£ = (. . .£-i.£o£i • • •) € T,2 = {0, 1} Z , for a point x G [q,p], we define the 



hip) = Q 



(compare Figure [2j . 
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(forward) Lyapunov exponent of the IFS generated by /o, fi at (x,£) by 

X( x >£) = ii^o n log I (fao..u)'( x )l where /Ko-Cn] = fa • • • ° /&>• 

We restrict our considerations to points that remain in the interval [g,p] 
under forward and backward iterations. For that we define the admissible 
domain C [q,p] by 

k= n(A-i°-°/€-j([9.i'])- 

m>l 

We obtain the following auxiliary result, that is an one-dimensional ver- 
sion of the main result in this paper (Theorem [2]) . 

Theorem 1. For the IFS generated by maps /o, fi as above satisfying the 
(q,p)-cycle condition, we have: 

(A) There are is an uncountable and dense set of sequences ^ £ S2 so 
that the admissible domain 1^ is non-trivial. There is a residual set 
of sequences £ G £2 50 that 1^ contains a single point only. 

(B) The points that are fixed with respect to /[£ ...£ ro i for certain £ G £2 
and m > are dense in [q,p\. Moreover, there exist x G (g,p) and 
(GS 2 suc/i f/iai {/[£ ...£ m ](zO}m>0 ^ dense in [g,p]. 

(C) There exists p G (0, log |/q(o)|) so t/ia£ the spectrum of all possible 
Lyapunov exponents is contained in 

[log|/ (p)|,p] U{log|/ (g)|}. 

The cycle condition seems to play a role similar to the Misiurewicz prop- 
erty in one-dimensional dynamics best illustrated by the behavior of the 
quadratic map f(x) = 1 — 2x 2 that has some alike features^} However, we 
point out that in our case the breaking of hyperbolicity and the spectral gap 
are not caused by any critical behavior. Note also that in our case the spec- 
trum is richer and contains a continuum with positive and negative values. 
In our case, the cycle condition and the fact that fi is orientation reversing 
allows transitivity. However, typical orbits only slowly approach the cycle 
points p (which corresponds to the critical point) and q (which corresponds 
to the post-critical point) giving rise to some transient behavior and hence 
to the gap in the spectrum. 

It would be interesting to find other representative examples that show a 
gap in the Lyapunov spectrum and hence indicating the presence of a first 
order phase transitions (the associated pressure function is not differentiable, 



see Proposition 5.6). We believe that this point deserves special attention. 



differentiable interval map satisfies the Misiurewicz condition if the forward orbit 
of a critical point does not accumulate onto critical points. Note that / is conjugate to 
the tent map in [—1,1] and that this conjugation is differentiable in (—1,1). Thus, in 
particular, the spectrum of the Lyapunov exponents of / contains only the two values 
2 log 2 and log 2 
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A collection of examples that present phase transitions are provided in |19j 
in the case of interval maps and [23J for abstract shift spaces. 

1.2. Non-hyperbolic transitive homoclinic classes. We now put the 

above abstract results into the framework of local diffeomorphisms and re- 
turn to the analysis of porcupines. 

The porcupines considered in this paper are in fact homoclinic classes 



(see Definitions 1.2 and 1.3) that contain infinitely many saddles of differ- 
ent indices (dimension of the unstable direction) scattered throughout the 
class preventing hyperbolicity. Moreover, they exhibit a rich topological 
structure in their fibers (which are tangent to the central direction): there 
are uncountably many fibers whose intersections with the porcupine are 
continua and infinitely many fibers whose intersections with the porcupine 
are just points. Further, the spectrum of the central Lyapunov exponents 
of these sets has a gap and contains an interval (containing positive and 
negative values) . These properties will be stated in Theorem [2] that is a 
higher-dimensional version of Theorem [T] for local diffeomorphisms. 

We point out that porcupines also have strong indications to show a lot 
of genuinely non-hyperbolic properties that will be explored elsewhere. For 
example, the transitive porcupines that we construct do not possess the 
shadowing property and, following constructions in |15tll3l l5]. one can show 
that they carry non-hyperbolic ergodic measures with large supports and, 
in view of [4j, we expect that they also display robust heterodimensional 
cycles. 

Let us point out some further motivation. Il'yashenko in his lecture [18] 
presented topological examples of fibered systems over a shift map that pos- 
sess recurrent sets (that he calls bony sets) containing some fibers. The 
transitive porcupines provide examples of smooth realizations of such sys- 
tems. Kudryashov |2Q|, [21] obtained recently a quite general open class of 
smooth skew-product systems which exhibit bony attractors. Our exam- 
ples are also motivated by the construction in [T3J of bifurcating homoclinic 
classes and the subsequent study of their Lyapunov spectrum in [22] . These 
sets show indeed porcupine-like features but are "essentially hyperbolic" in 
the sense that all their ergodic measures are hyperbolic. 

Let us now point out two topological properties of our examples (in fact 
also present in [13]): 

1) the porcupine is the homoclinic class H(Q*,F) of a saddle Q* that 
contains two fixed points P and Q of different indices that are related 
by a heterodimensional cycle (see Definition |2.4[ ) , 

2) the saddle Q has the same index as Q* , but is not homoclinically 



related to Q (compare Definition 1.3). 
Comparing with the one-dimensional setting in Section |1.1| the points P 
and Q play the role of p and q, and the heterodimensional cycle corresponds 
to the cycle property. Our examples are "essentially non-hyperbolic": The 
porcupines contain infinitely many saddles of different indices. This property 
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(and the fact that the porcupine is transitive) is the main reason for the fact 
that the central Lyapunov spectrum contains an interval with positive and 
negative values. We remark that 2) is also the main reason for the presence 
of a gap in the spectrum of the central Lyapunov exponents in [25]. In 
fact, the condition about the saddle Q in 2) is a necessary condition to 



obtain such a gap (see Lemma 5.1). In our example the spectrum of the 
Lyapunov exponent associated to the central direction contains a continuum 
with positive and negative values and a separated point. This is as far as we 
know the first example with a spectral gap that is essentially non-hyperbolic 
and is not related to the occurrence of critical points. 

We are aware of the fact that sets that display properties 1) and 2) above 
are quite specific: By the Kupka-Smale theorem saddles of generic diffeomor- 
phisms are not related by heterodimensional cycles and after [2\ property 2) 
is C 1 non- generic. But this clearly does not imply that the classes discussed 
here are not representative. 

Finally, we would like to mention that this paper proceeds a systematic 
study of non-hyperbolic homoclinic classes. Besides the above references, 
we would like to mention [I], |13j . and [5] where ergodic properties (related 
to the Lyapunov spectrum) of homoclinic classes are stated. 

Before presenting our results, let us state precisely the main objects we 
are going to study. 

Definition 1.1 (Partial hyperbolicity). An F-invariant compact set A is 
said to be partially hyperbolic if there is a d-F-invariant dominated splitting 
E s © E c © E u where dF\g s is uniformly contracting, dF^u is uniformly 
expanding, and E c is non-trivial and non-hyperbolic. We say that E c is the 
central bundle. The set A is called strongly partially hyperbolic if the three 
bundles E s , E c , and E u are non-trivial. See [71 Definition B.l] for more 
details. 

Definition 1.2 (Porcupines). We call a compact F-invariant set A of a 
(local) diffeomorphism F a porcupine-like horseshoe or porcupine if 

• A is the maximal invariant set in some neighborhood, transitive (ex- 
istence of a dense orbit), and strongly partially hyperbolic with one- 
dimensional central bundle, 

• there is a subshift of finite type a: E — > E and a semiconjugation 
7r: A — > £ such that a o it = n o F, 7r^ 1 (^) contains a continuum for 
uncountably many £ G £ and a single point for uncountably many 

We call 7r -1 (£) a spine and say that it is non-trivial if it contains a contin- 
uum. The spine of a point X G A is the set 7r -1 (7r(X)). 

For examples resemembling porcupines but having non-trivial spines only 
we refer to [3l I16I [TTj . Concerning bony attractors, according to the defini- 
tion in [20] such an attractor may have only non-trivial fibers. Furthermore, 
there are quite interesting examples in \20\ [2T] of bony attractors where the 
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trivial fibers form a "graph" of a continuous function over a subset of the 
shift space. 

We are in particular interested in the case where a is the full shift defined 
on £2 = {0, 1} Z and A is a homoclinic class. More precisely, we have the 
following standard definition: 

Definition 1.3 (Homoclinic class). Given a diffeomorphism F, the homo- 
clinic class H(P, F) of a saddle point P of F is defined to be the closure of 
the transverse intersections of the stable and unstable manifolds of the orbit 
of P. Two saddle points P and Q are said to be homoclinically related if 
the invariant manifolds of their orbits meet cyclically and transversally. We 
say that a homoclinic class is non-trivial if it contains at least two different 
orbits. 

Given a neighborhood U of the orbit of P, we call the closure of the set of 
points R that are in the transverse intersections of the stable and unstable 
manifolds of the orbit of P and have an orbit entirely contained in U the 
homoclinic class relative to U. We denote this set by Hjj(P,F). 

Remark 1.4. Homoclinically related saddles have the same index. Remark 
also that the homoclinic class of a saddle may contain periodic points that 
are not homoclinically related to it. Indeed, this is the situation analyzed 
in this paper. Finally, observe that the homoclinic class H(P, F) coincides 
with the closure of all saddle points that are homoclinically related to P. 
Moreover, a homoclinic class is always transitive. Finally, a non-trivial ho- 
moclinic class is always uncountable. 

Definition 1.5 (Lyapunov spectrum and gaps). Consider a compact in- 
variant set A of a diffeomorphism F with a partially hyperbolic splitting 
E s © E c © E u . Given a Lyapunov regular point S G A, its Lyapunov expo- 
nent associated to the central direction E c is 

Xc (5) d = f lim -\og\\dF n \ E% \\. (1.1) 

We consider the spectrum of central Lyapunov exponents of A defined by 

ZJr eg (A) = {xc(S): S G A and S is Lyapunov regular}. 

We say that (p, p') is a gap of the spectrum of A if there are numbers 
A < p < p' < (3 such that 

(p, p') n X r c cg (A) = and A, /? € 2? cg (A). 

The following is our main result. 

Theorem 2. There are C 1 local diffeomorphisms F having a porcupine Ap 
with the following properties: 

(A) There is a continuous semiconjugation w: Ap — > £2, cr ow = zu o F , 
such that 
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(a) There is an uncountable and dense subset of sequences £ G £2 
suc/i £/ia£ ?i7 -1 (£) is non-trivial. There is a residual subset of 
sequences £ 6 £2 suc/i t/iai zs trivial. 

(b) There is an uncountable and dense subset of Ap with non-trivial 
spines. 

(B) T/ie subset of saddles of index u + 1 of Ap is dense inAp. Moreover, 
Ap contains also infinitely many saddles of index u and thus is not 
uniformly hyperbolic. 

(C) The are numbers < p < p' such that (p, p') is a gap of the spec- 
trum of central Lyapunov exponents of Ap. Moreover, this spectrum 
contains an interval with negative and positive values. Furthermore, 
the pressure function t \-t P(—tlog \\dF\pc\\) is not differentiable at 
some point, that is, has a first order phase transition. 

Furthermore, there is an open set U such that Ap is the (relative) homo- 
clinic class H = Hu(R, F) of a saddle R of index u + 1 > 2 satisfying: 

(D) The set H = Ap is the locally maximal invariant set in U . Moreover, 
this class contains the (relative) non-trivial homoclinic class of a 
saddle of index u. Further, there is a saddle Q E H of index u + 1 
such that Hu(Q,F) = {Q} C H. 

Our examples are associated to step skew-product diffeomorphisms, lo- 
cally we have 

F(x,x) = ($(x),fe{x)), xe [0,l] n , xG [0,1], 

where $ is a horseshoe map and /j = /o or f\ for some injective maps 
/o and f\ of [0,1]. We observe that for our analysis we require only C 1 
smoothness, that is weaker than the often required C l+e hypothesis, and we 
base our proofs on a tempered distortion argument. Any step skew-product 
diffeomorphism with C°° fiber maps /o, fi which satisfy the below stated 
properties will provide an example for Theorem [2] 

Concerning the structure of spines, we have that non-trivial spines are 
tangent to the central direction E c and that spines of saddles of index u + 1 
are non-trivial and dense in Ap\ We also observe that, given any periodic 
sequence £ G £2, there is a periodic point Pg in m~ l {£). Under some mild 
additional Kupka Smale-like hypothesis, the spine of any saddle of index 
u + 1 also contains saddles of index u. In fact, in this case, for every periodic 
sequence £ there is a saddle S £ Ap of index u projecting to £, w{S) = £, 



(see Theorem 4.16). 



Question 1.6. Do there exist examples of porcupine-like transitive sets such 
that tu _1 (£) contains a continuum for an "even larger" subset of £2 ? Here 
larger could mean, for instance, a residual subset of £2 or a set of large 
dimension and we would like to state this question in a quite vague sense. 

Let us observe that the examples in [20] the set with non-trivial fibers is 
"small" , though his setting is slightly different from ours. 
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Figure 1 . Construction of a porcupine 



This paper is organized as follows. In Section [2] we describe the construc- 
tion of our examples and derive first preliminary properties. In Section [3] 
we collect properties of the IFS generated by the interval maps /o and f\. 
In Section [4] we prove that the porcupine is a (relative) homoclinic class 
of a saddle of index u + 1 and that it contains a non-trivial homoclinic 
class of a saddle of index u. This fact implies the porcupine is a transi- 
tive non-hyperbolic set containing infinitely many saddles of both types of 
indices. In this section we will systematically use the results in Section [3j 
The skew-product structure allows us to translate properties of the IFS to 
the global dynamics. We will also study some particular cases that imply 
stronger properties. In Section [5] we finally study the Lyapunov exponents 
that are associated to the central direction. Note that our methods of proof 
in Sections [4] and [5] are based on those used previously in studying heterodi- 
mensional cycles and homoclinic classes, see for example |10|. |2| 14"! I14j. We 
conclude the proof of Theorem [2] in Section |6j 

2. Examples of porcupine-like homoclinic classes 

In this section we are going to construct examples of porcupine-like ho- 
moclinic classes satisfying the properties claimed in Theorem [2} 

Consider s, u £ N, the cube C = [0, and a diffeomorphism $ 

defined on M s+U having a horseshoe T in C conjugate to the full shift a of two 
symbols and whose stable bundle has dimension s and whose unstable bundle 
has dimension u. Denote by w. V — > £2 the conjugation map tuo $ = <jow. 
We consider the sub-cubes Co and Ci of C such that $ maps each cube C« 
in a Markovian way into C, where the cube Cj contains all the points X 
of the horseshoe whose 0-coordinate (w(X))q is i. In order to produce the 
simplest possible example, we will assume that $ is affine in Co and Ci. 

Definition 2.1 (The map F). Let C = C x [0, 1]. Given a point X £ C, 
we write X = (x, x), where ieC and x £ [0, 1]. We consider a map 

F: Cx [0,1] ^R s+U xl 
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given by 

m x) « i(Hx)Jo(x)) if X G Co x [0,1], 
\ ($(£),/!(*)) ifXGCi x [0,1], 

where /o, /i : [0, 1] — > [0, 1] are assumed to be C 1 injective interval maps 
satisfying the following properties (see Figure [2]) : 

(FO.i) The map /o is increasing and has exactly two hyperbolic fixed points, 
the point (repelling) and the point 1 (attracting). Let /q(0) = /3 > 
1 and = A G (0, 1). Moreover, A < f Q (x) < for all x G [0, 1]. 

(FO.ii) There are fundamental domains Irj = [ao 5 ^o] C (0,1), fro = /o( a o)> 
and Ii = [ai,6i], b\ = /o(ai), of the map fo together with numbers 
a > 1 and N > 1 such that 

= and A • (f^)'(x) > a > 1 for all x G / . 
Moreover, /o is expanding in [0,&o] and contracting in [ai, 1]. 
(Fl.i) The map f\ is a decreasing contraction satisfying 

7 ,d = f min{|/((x)|: i£ [0,1]} < 7 = max {[/((*)[ : xG [0,1]} < 1. 
(Fl.ii) We have 

I /l 0*0 1 > a > 1/a for all x G [fiifli), a{[. 
(F01) The following conditions are satisfied 

(1) /i(l) = 0, 

(2) /i([oi,l]) C [0,a ). 

(3) [o,/ - 2 (M)c/i([o,i]). 




Figure 2. Iterated function system satisfying (F0), (Fl), and (F01) 
Note that in order to get the conditions above we need to require that 
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The maximal invariant set of F in the cube C is defined by 

A F = A+nA F , where A$ = f] F ±i (C). (2.1) 

Remark 2.2. We point out that we restrict our analysis to the dynamics 
within the cube C. Notice that the usual definition of a (locally) maximal 
invariant set A with respect to F requires that F is well-defined in some 
neighborhood U of A and that A = f] i€Z F l (U). Observe that in our case 
we can consider an extension of the local diffeomorphism F to some neigh- 
borhood of C such that Ap is the locally maximal invariant set with respect 
to such an extension. Indeed, this can be done since the extremal points P 
and Q are hyperbolic. 

From now on we restrict our considerations to the dynamics in C. In 
particular, we consider relative homoclinic classes in C. For notational sim- 
plicity, we suppress the dependence on C and simply write H(R, F). 

Note that, by construction, for any saddle Q* E C the homoclinic class 
H(Q*,F) is contained in Ap but, in principle, may be different from Ap. 
The analysis of the dynamics of F\a f will be completed in Section [4j 

For simplicity, let us assume that the rate of expansion of the horseshoe 
is stronger than any expansion of /o and f\, that is, in particular, stronger 
than /3 and let us assume that the rate of contraction of the horseshoe is 
stronger than any contraction of /o and /i, that is, in particular, stronger 
than min{A,7'}. In this way the _DF-invariant splitting E ss © E c ® E uu 
defined over Ap and given by 

E ss = R s x {0 n , 0}, E c = {0 s , 0"} x K, E uu = {0 s } xl"x {0} (2.2) 

is dominated. Note that this splitting is D-F-invariant because of the skew- 
product structure of F. 

The following is a key result in our constructions. Its proof will be com- 
pleted in Section [6j 

Proposition 2.3. There is a periodic point Q* G A^ of index u + 1 whose 
homoclinic class H(Q*,F) is a porcupine-like set having all the properties 
claimed in Theorem^ 

Let us now introduce some more notation and derive some simple prop- 
erties that can be obtained from the above definitions. 

Notation 2.1. Let us consider the sequence space £2 = {0, 1} Z and adopt 
it with the usual metric d(£,n) = Y^i&L 2 ~'*'l& for £ = (■ ••£-l-£o£l • • •)> 
rj = (. . . rj-i- 770771 . . .) G £2. We denote by £ = (£0 • • • £m-i) Z the periodic 
sequence of period m such that £j = £,i+m for all i. We will always refer 
to the least period of a sequence. The zero sequence with £j = for all i 
we denote by Z . Further, we denote by £ = (0 N .10 N ) the sequence that 
satisfies £q = 1, £±j = for all i 7^ 0. 
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Let 6 = w 1 (0 Z ) be the fixed point of <3? which corresponds to the zero 
sequence Z . Note that 6 = S+ ". Simplifying representation, we also assume 
that [0, l] s x {0"} = Wf oc (8, $) and {0 s } x [0, If = W^ c (9, $). Let us define 

P = (9,l) and Q = (9,0). (2.3) 

These saddles have indices u and u + 1 , respectively. The previous assump- 
tions and the choice of /o imply immediately that 

[0,l] s x {0 n } x (0,1] C W S (P,F), 
{0 s } x[0,l] u x{l}c W U (P,F), 
[0,l] s x {0 U } x {0} C W S (Q,F), { " ' 

{0 s } x [0,l] u x [0,1) C W U (Q,F). 
In what follows we write 
^ s oc (Q,F) = [0,l] s x{(0 s ,0)} and W{^ C (P,F) = {0 s } x [0,1]" x {1}. 

Definition 2.4 (Heterodimensional cycle). A diffeomorphism F is said to 
have a heterodimensional cycle associated to saddle points P and Q of 
different indices if their invariant manifolds intersect cyclically, that is, if 
W S (P,F) n W U (Q,F) / and W U (P,F) n W S {Q,F) ^ 0. Here we denote 
by W S (P,F) (W U (P,F)) the stable (unstable) manifold of the orbit of P 
with respect to F. 

The definition of F immediately implies the following fact. 



Lemma 2.5 (Heterodimensional cycle). The points P and Q defined in (2.3) 
are saddle fixed points with indices u and u+1, respectively, that are related 
by a heterodimensional cycle. 




Proof. Note that by (2.4) we have 

{(0 s , 0")} x (0,1) C W s {P,F)r\W u {Q,F). 
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On the other hand, as /i(l) = 0, we have 

F(W 1 « C (P, F)) = F{({0 S } x [0, 1]« x {1}) n d) 

= } x [0, 1]" x {0} C W U (P, F), 

where 9 s = tu- 1 (0 N .10 N ) and [9 S ,0 U ,0) G W S (Q,F), and hence W s (Q,F)n 
W U (P, F) 0. This gives a heterodimensional cycle associated to P and Q, 
proving the lemma. □ 

We will now derive some properties of the homoclinic class H(P, F). 

Lemma 2.6. The homoclinic class H(P,F) contains the saddle Q. There- 
fore, this class is non-trivial and non-hyperbolic. Moreover, there are points 
in {(0 s , 0")} x (0, 1) that are contained in H(P,F). 

Proof. Let x = (x s ,0 u ) = rar 1 (0 N .10 N ) and = (y s ,0 u ). Note that by 
Definition 12.11 we have 

F{({x s } x [0, 1]" x {0}) n d) = {y s } x [0, 1} U x {^(O)} C W U (P, F) (2.5) 

and therefore, by (2.4) and since /i(0) G (0, 1), (y s , 0", /i(0)) is a transverse 
homoclinic point of P. This implies that H(P, F) is non-trivial. Moreover, 
it implies that W U (P, F) accumulates at Wj" (P, F) from the left and thus 

the point X = (x s ,0 u ,0) is accumulated by a sequence Xi = (x s ,0 u ,Xi), 
x i = /i(/o V+J (/i(0))) > 0) °f transverse homoclinic points of P from the 
right. Finally, as X G W S (Q,F) and H(P,F) is invariant, we have Q G 
P(P,F). 

To prove that {(0 s , U )} x (0, 1) contains points of H(P, F), for each 5 > 
and each (closed) fundamental domain D of /o in (0, 1) consider the disk 

D & = [0, 5} s x {0 U } x D C iy s (P, F). 

Note that for large j the set F~ ] (D$) contains some point Xi. Therefore, 
Ds contains a transverse homoclinic point of P. As this holds for any 5 > 
and since H(P,F) is a closed set, the set {(0 s , 0")} x D intersects H(P,F) 
and the claimed property follows. □ 

Let us consider the attracting fixed point p = /i(p) G (0, 1) and denote 
by (p s ,p u ) = ro _1 (l z ) the corresponding fixed point for the horseshoe map 
<&. Note that P = (p s ,p u ,p) is fixed with respect to F and has index u. 

Lemma 2.7. The saddles P and P are homoclinically related. 

Proof. Let P = (p s ,p u ,p) and note that p s x [0, If xpc W U (P, F). Thus, 
together with p G (0,1) and [0, l] s x {0'"} x (0,1] C W S (P,F), we obtain 
that W U (P,F) and W S (P,F) meet transversally. 

Let us now show that W S (P,F) and W U (P,F) also meet transversally. 
First note that [0,1] C W s (p,h) and therefore [0, 1} S x {p u } x [0,1] C 
W S (P,F). Also note that by Q we have that {y s } x [0, l] u x {/i(0)} C 
W U (P,F), where /i(0) in (0,1). Thus W S {P,F) rh W"(P,F) / 0, proving 
the assertion. □ 
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Remark 2.8. The construction in the proof of Lemma |2.7| shows also that 
any saddle P £ A F of F of index u satisfies W U (P, F) rh W S (P, F) ^ and 
W U (P,F) rh IF S (P,F) / 

As, by construction, Wf oc (Q,F) does not intersect W U (Q,F) \ {Q}, we 
immediately obtain the following fact. 

Lemma 2.9. We have H(Q,F) = {Q}. 



3. One-dimensional central dynamics 



In this section we are going to derive properties of the abstract iterated 
function system generated by the interval maps /o and /i introduced in 
Section [2] These properties will carry over immediately to corresponding 
properties of the spines. We point out that, in contrast to other commonly 
studied IFSs, in our case the system is genuinely non-contracting and, in 
particular, in Section pT2| we will study expanding itineraries of theses IFSs. 



3.1. Iterated function system. Let us start with some notations. 

Notation 3.1. Slightly abusing notation, for a given finite sequence £ 
(&■■.&»), 6 e {0,1}, let 

/ki = ho-u] = fu°---°hi° /& ■ [o, i] -> [o, i]. 

Moreover, let 

C m = C Ko ... u] d = f {X € C : F\X) G C Cj for all i = 0, . . . , m} . 
Given any set K C C, let 

Given a finite sequence £ = (£_ m ■ • • £-i)> £ {0, 1}, we denote 

%] = /[e-m-«-i.] = (h-i ° • • • ° 

Given a finite sequence £ = (£_ m . . . £-i-£o • • • £n) ; £ {0, 1}, let 



Note that these maps are only defined on a closed subinterval of [0, 1]. A 
sequence £ = (. . . £-i-£o£i • ■ •) £ ^2 is said to be admissible for a point 
x € [0, 1] if the map /[g_ m . ..£_!.] is well-defined at x for all m > 1. Note that 
admissibility of a sequence £ does not depend on the symbols (£o£i • • •)• 
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3.2. Expanding itineraries. We now start investigating expanding behav- 
ior of the iterated function system. 

Recall that Iq = [do, bo] = [/o~ 1 (^o)j bo]- Given a closed interval J C 
[/o~ 2 (^o)> bo], we start by localizing an itinerary for which the iterated func- 
tion system is expanding. In what follows we will always assume that the 
closed intervals are non-trivial. Recall the definition of a\ in (FO.ii) and let 
us define 

n{J) d = f min{n> 1: tf(J) C [a x ,l)} . 

Now let J' = f f]nn(j)i}(J) and observe that by (2) in (FOl) this interval is 
contained in (0, ao). Let 

m(J) = min {m > 0: / m (J') n I + 0} . 

Note that, by our choice of fundamental domains, we have m(J) > 1 and 
either n{J) = N or N + 1 with N given in (FO.ii). 

Lemma 3.1 (Expanding itineraries). There is a constant n > 1 such that 
for every closed interval J C [fo 2 (bo),bo] and every x 6 J we have 

I (/[CPt-OlO" 1 ^)]) ( x )| - K - 

Proof. Recall that n(J) = N or = N + 1 and that m( J) > 1. Observe that 
the hypotheses (FO.i), (FO.ii), and (Fl.ii) imply that for any x E J we have 

l(V(,) 10 ^)])'(*)| = l(/o m(J) h o /o (J) )'WI > A > 1, 

using the fact that is applied to points in an interval [0, ao], where 

/g > 1. Taking k = a a, this proves the lemma. □ 

Definition 3.2 (Expanding successor). Given an interval J C [fo~ 2 (bo),bo], 
we associate to J the finite sequence £(J) given by 

& = • • • = £n(J)-l = 0, £ n (j) = 1, £n(J)+l = • • • = in(J)+m{.J) = 0, 



where n(J) and m(J) are defined as above. In view of Lemma 3.1, we call 
(Co • • • £,n(j)+m(j)) the expanding itinerary of J. We call the interval 

the expanded successor of J. We say that an interval J" is the i-th expanded 
successor of J if there is a sequence of intervals Jo = J, J\, ■ ■ ., Jj-i, J = J" 
such that for all j = 0, . . ., i — 1, we have 

Jj C [/o~ 2 (^o)i bo] and Jj + i is the expanded successor of Jj. 

We denote the i-th expanded successor of J by J/a . Using this notation we 
have defined the expanded finite sequences £«\ = £(J/j\) with 

^(i+i> = /K (i >]( J (i>)- 
We denote by |^| the length of this sequence. 
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Remark 3.3. For future applications we remark that the numbers n(J) and 
m(J) are both bounded from above by some number that is independent 
of the interval J C [f^ 2 (bo), bo]- Therefore, the definition of the expanded 
successor of an interval J involves a concatenation of a number of maps 
fo and /i that is bounded by some constant that is independent on J. In 
particular, there are constants K\, ki > independent of J such that for all 
x £ J we have 

«l < \(f[ n(J) lom (J)])'(.x)\ < k 2 . 
In what follows we denote by |/| the length of an interval I. 



3.1 



Remark 3.4. Let J be a closed subinterval in [fo~ 2 (bo), bo]. By Lemma 
there is a constant k > 1 that is independent of the interval J such that the 
expanded successor Jz-n = f\(-(j)](J) of J satisfies 

l J <i)l = ^ M J I- 

Moreover, by definition of m(J), the interval Jh\ intersects [/o~ 1 (^o) ) ^o]- 

The following lemma is the main result of this subsection. 

Lemma 3.5. Given a closed interval J C [fo~ 2 (bo), bo], there is a num- 
ber i(J) > 1 such that the j-th expanded successor of J is defined for 
all j = 1, . . . , i(J) — 1 and that Juij)) contains the fundamental domain 

[fo 2 (bo),f \bo)]. 

Proof. Note that the expanded successor is defined for any interval J C 
(f~ 2 (bo), bo]- Assume, inductively, that for all j = 0, . . . , i the j-th expanded 
successor J(j\ of J = J( ) is defined and that Ju\ C [fo~ 2 (bo), bo]. Then the 
(i + l)-th expanded successor Ju+i) of J is also defined. 

Since for every j = 0, . . ., i the interval J(j+\) is the successor of Ju\, by 
Lemma 13. II we have 

\J{i+l)\ > ^ + V(o>l- 
Since the size of [fo~ 2 (bo) , bo] is bounded there is a first i(J) such that 
J(o), • • • , J(j(n\ are defined and J(i(j)) is not contained in [fo~ 2 (bo),bo 



Since by Remark 3.4 the interval Juu)) intersects [/ 1 (bo),bo\, this implies 
that 

[f 2 (bo),f Hbo)]c J m) , 
from which the claimed property follows. □ 

We yield the following result that can be of independent interest. 

Proposition 3.6 (Sweeping property). Given a closed interval H C (0, 1), 
there is a finite sequence (£o • • -£n) so that f^ ^^ n j(H) contains the funda- 
mental domain [fo~ 2 (bo), /cT^o)]- 

Proof. Just note that there exists a number m > 1 so that f\p™\](H) is 
contained in (0, fo~ 2 (bo))- Therefore, there is k > 1 so that /[ m 10 fc| (H) 
contains an interval J C (fo~ 2 (bo), bo) to which we can apply Lemma|3.5| □ 
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Definition 3.7 (Expanding sequence). In view of Lemma 3.5, given a closed 
interval J C [/o~ 2 (^o), &o] we consider its (finite) expanding sequence £(J) 
obtained by concatenating the finite sequences £«\ = £(J(j)) corresponding 
to the expanding successors £m, . . ., of J- 

Note that, by definition of i(J), we have [/o~ 2 (bo)> &o] C and 
l(/K(J)])'(a?)l >lforallxG J. 



An immediate consequence of Lemma 3.5 and the previous comments is 
the following lemma. 

Lemma 3.8. Given a closed interval J C [/o~ 2 (^o) ; bo] an d its expanding 
sequence £(</), there is a unique expanding fixed point q*j G J of /[£(,/)]■ 
Moreover, W u {q*j,f W)] ) contains [/ ~ 2 (&o)> /(T^o)]- 

Proof. Observe that J C [/(7 2 (^o), &o] C /[£(j)](<^) and that the map /Wj)] 
is uniformly expanding in J. □ 

3.3. Lyapunov exponents close to 0. In this section we are going to 
construct fixed points (of contracting and expanding type) with respect to 
certain maps /[^ ..4 m _ 1 ] whose Lyapunov exponents are arbitrarily close to 0. 
Here, given p £ [0, 1] and an admissible sequence £=(... £-i.£o£i . . .) € E2 
of p, the (forward) Lyapunov exponent of p with respect to the sequence £ 
is defined by 

x(p,0- lim — log I (/[&...e«-i] )' Cp) I 

whenever this limit exists. Otherwise we denote by x(P>£) and xiPiQ f ne 
lower and the upper Lyapunov exponent defined by taking the lower and the 
upper limit, respectively. 

Given a periodic sequence (£0 • • -£m-i) Z S £2 and a point ...^ m _ 1 )z = 

/[&..^-i](P(&...U-i) z )' wehave 

x(p,(£o-..£ m -i) Z ) = ^log K/Ko-.U-!])'^...^-!)-)!- (3-2) 

We are going to prove the existence of periodic points of contracting and 
expanding type with Lyapunov exponents arbitrarily close to 0. 

Proposition 3.9. For every e > there exists a finite sequence (1^0 m lCP) 
such that the map /n/o m ia?l ^ s uniformly contracting in [0, 1] and its fixed 
point p is attracting, has a Lyapunov exponent in (— e, 0), and has a stable 
manifold W s (p, /ri*o m i(p']) that contains the interval [0, 1]. 

Proposition 3.10. For every e > there exists a finite sequence (£0 • • • 
such that the map f[£ ...£ n _i] has an expanding fixed point whose Lyapunov 
exponent is in (0, e). 

Before proving the above two propositions, we formulate some preliminary 
results. 
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s (fo k )'(y) 



3.3.1. Tempered distortion. First, we verify a distortion property. Note that 
we establish the tempered distortion property that holds true if fo is only 
a C 1 map, instead of focusing on a bounded distortion property that would 
require the standard C l+S assumption to be satisfied. 

We will say that an interval J C (0, 1) contains at most K consecutive 
fundamental domains of fo if any orbit of fo hits at most K + 1 times this 
interval. 

Lemma 3.11 (Tempered distortion). Given a point p G (0, 1) and a number 
K > \, there exists a positive sequence (pk)k>o decreasing to such that 
for every interval J containing p and containing at most K consecutive 
fundamental domains of fo we have 

e -k m \fo k ( J )\ < (f±k)'( x ) < e fcp| fc | l/o ±fc ( J )l 
|J| " Uo ' { ' ~ \J\ 

for all k G Z and for every x G J. 

Proof. Let x, y G J. As /q is bounded away from and the map y i-> logy 
is Lipschitz if ?/ is bounded away from 0, there exists some positive constant 
c and a positive sequence (f>k)k decreasing to so that for every k > 1 

fcV ^ ' < c ky £\M(x)) - M(v))\ < cE?n. 

n=0 n=0 

Here the latter estimate follows from continuity of /q and the fact that 
|/o(a;) — /o(y)| — > as \x — y\ — > and the observation that \ f${J)\ — > as 
n — > 00. Now take _ _ 

dot c (po H h Pfc-i) 

Pfe = 

and note that p k ->■ as /c ->■ 00. Taking y such that |(/q )'(y)| = |/ fc (J)|/|J| 
we get the claimed property. 

Analogously, we have \f ~ n (J)\ — > as n — > 00, from which we can con- 
clude the case k < 0. □ 

3.3.2. Looping orbits. We now show that the derivative along a looping orbit 
starting and returning to a fixed fundamental domain growths only sub- 
exponentially with respect to its length. 

Lemma 3.12. Given a fundamental domain J C (0, 1), there exists a num- 
ber K > 1 such that for all m > 1 sufficiently large the interval f[o^i](J) 
contains at most K consecutive fundamental domains of fo. 

Proof. For each m > 1 let us define numbers a m G (0, 1) by 

/ m (J) = [l-a m ,/ (l-a m )]. 

Note that, because /o(l) = 1, /o(l) = ^ the derivative /q is continuous, and 
f™(J) converges to 1 (and thus a m — > 1) as m — > 00, if m is large enough, 
we have 

l/o"V)l = /o(l " dm) - (1 - a m ) w /o(l) - a m / (l) - (1 - a m ) = a m (l - A) 
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and hence 

^am(l-A) < |/ m (J)| < 2a m (l — A). (3.3) 
Recalling the definitions of 7 and 7' in (Fl.i), one has that 

7 \ *m (1 - A) < |/i(/ m (J))l < 7 2 a m (1 - A). (3.4) 

Similarly one obtains that there is a constant C > 1 independent of large m 
such that C _1 a m < /i(/q(1 — a m )) < C a m . Hence 

/[o»i] (J) C [C- 1 a m , C a m (l + 2 7 (1 - A))] . (3.5) 

Noting that the derivative of fo in /romii(J) is close to j3 and bigger than 
some j3' close to /3, we get that for large m the interval f\o m i]{J) contains at 
most t + 2 fundamental domains where £ is the largest natural number with 

(P') e C- 1 a m <Ca m (l + 2 1 (l-X)). 

Notice that a m cancels and hence the number I does not depend on m if m 
is large enough. This finishes the proof of the lemma. □ 

We will now use the above lemma to prove the following. 

Lemma 3.13. Given a fundamental domain J C (0, 1) of fo, there exists 
rriQ > 1 and a positive sequence (p n ) n decreasing to so that for every 
m > mo there exists a number j > such that the interval /[o">ioii(J) 
intersects J. If j = j(m) is the smallest positive number with this property 
then 

e -m-m Pm < \(f [omlQJ] y( x )\ < eW+nVm 

for every x G J and every m > mo and j = j(m). 

Proof. Let J = [a, /o(a)] C (0, 1) be a fundamental domain with respect to 
fo . There exists a number itlq > 1 so that for every m > m,Q and every x £ J 
we have f™(x) > / 1 ~ 1 (a) and that fiif^ix)) is in the expanding region of 
fo- Moreover, the interval /[o™ioj](^) intersects J for some j > 0. 
As in the above proof, for each 777 > mo let us denote 

/ m (J) = [l-a m ,/ (l-a m )]. 

As for (3.3) we obtain 

^« m (l-A)<|/ m (J)|<2a m (l-A). 

The tempered distortion result in Lemma |3.11| now implies that there is a 
positive sequence (pk)k decreasing to such that for all x £ J 

1 a m (1 - A) e _ m ~ m ^ {f ay {x) < 2 a m (1 - A) ^ g) 

2 \J\ \J\ 

We consider now the fundamental domain of fo 

L = [tfiflO—amtiJlO—OrJ]. 
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Note that by Lemma 



3.12 



the interval /[o m i](-0 contains at most K funda- 
mental domains. By our choice the right extreme of L is the right extreme 
of /[o m i](^) an d therefore 



f [oml] (J) Cl = LU/ (I)U...U f K (L). 

In the next step we compare the lengths of L and /™(J). Arguing exactly 
as above, using the fact that /q(0) = j3, f Q {x) < /?, Y < |/{| < 7, and that 
/i(l — dm) is close to = /i(l) for m large enough, we obtain 



7 a m (l-/3^ 1 ) < \L\ <V a m (l-/3^ 1 ). 



(3.7) 



Since for i > we have that (5 % \L\ < |/ < (/?') 1 |L| for some number 
1 < /3' < (3, from (3.7) we immediately obtain constants k%, &2 > such that 



fci «m < 1^1 < h a m . 



(3.8) 



Let us fix constants M and M + such that if J', J" are any two non-disjoint 
fundamental domains of /o then 



M~\J'\ < \ J"\ < M + \J'\. 



(3.9) 



For large m the sets /fo m i](<^) and L both are to the left of J. Thus there 
exists a smallest positive integer j = j(m) such that /o(/[o m i](^)) (and thus 
/q(L)) intersects J for the first time (the same number for both intervals). 
We now apply the tempered distortion property in Lemma 3.11| to the in- 
terval L. Hence, there exists a sequence (pk)k decreasing to so that for all 
x G L we have 

e -3Pi \JHM < |(/i)'(a;)| < e w L/oC^M. 



L 



L 



The definition of L and (3.9) imply that 



K 



M-\J\< \f Q {L)\ < M + \J\, where M+ = J^(M+) J 

j=0 

Thus, by the two previous equations, for x G L we yield 



\L\ 



\L\ 



This inequality together with (3.8) imply that for all x £ L (and thus for all 
x G /[o m i](-0) we have 



e -JPj M~ \J\ 
k 2 a m 



<K/oWl< 



e?Pi M+\J\ 
k\ a m 



(3.10) 
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Now putting together (3.6) and (3.10) and recalling that 7' < |/{| < 7, we 
see that the factors |J| and a m cancel. Hence we obtain for every x G J 

e -^-m~ Pm (l-A)yM- < |(/ , o ^ o ^ )/(a;)| < eJ?j+m , m 2(l-A) 7 M+ _ 

Thus there is some C > 1 independent of m and j = j(m) such that 
(7-1 (e-wr'V™) < o f x o /™)'( x )| < C ( e Jft+ m ^). 

The claimed property hence follows with /?„ = f ma,x{p n ,p n + ^ log C}. □ 

3.3.3. Weak contracting and expanding looping orbits. We are now ready to 
prove the above propositions. 



Proof of Proposition \3.S\ Recall that we denoted by p G (0, 1) the attracting 
fixed point of f\. Consider a fundamental domain J of /o containing p in 
its interior and some £q > 1 such that for all £ > £$ the interval /f([0, 1]) is 
contained in J. This is possible because ff ([0, 1]) converges to p. 

By Lemma 3.13, there exist a number mo > 1 and a positive sequence 
(Pra)n decreasing to zero so that for every m > mo and j = j(m) the in- 
tersection of the intervals /[o m ioJ](^) an d «7 is nonempty and that for every 
x G J we have 

e - w - mpm < |(/ [omloi] )'(a0| < e ^ +m ^. 

Recall now the choice of the constants 7 and 7' in (Fl.i). Therefore, for 
every m > ttiq and j = j(m), every £ > £q, and every x G [0, 1] we obtain 

& -m~m Pm < |( /[lfomlOJ] )' (x) | < e w+™p™y. (3.11) 

Let us now choose i = £(m,j) > £q that is the smallest number such that 
the right-hand side in ( 3.11| ) is < 1, this means that we have 

j Pj + m Pm <i ^j Pj + m Pm+1 
- log 7 - log 7 

Since /f([0, 1]) C J we can apply the above estimates to any point x G 
f[ ([0, 1]). Thus, the map /[i«o m io^] * s a contraction in [0, 1] and hence has a 
unique fixed point P[i«o™.io^] whose basin of contraction contains [0, 1]. More- 
over, its Lyapunov exponent x(P[i*o m iOJ]> 

f) with f = (l £ m 10 J ') z satisfies 

dcf ^log7 ; - jpj - mp m 
M{£,m,j) = - - + J t - < x(P[i«o»»ltf],0 < 0- 



Using (3.12), we obtain that M(£,m,j) is bounded from below by 

1 i og y f jg + 1 {jpj + mpm ) < M (A m, j) 



j + m + 1 \ — log 7 y j + m + 1 

When we now take m arbitrarily large the index j = j{m) is also large. 
Hence the lower bound M(£,m,j) is arbitrarily close to 0. As the exponent 
is negative, this finishes the proof of the proposition. □ 
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Proof of Proposition 3.10 Take the fundamental domain / = [f Q 1 (bo),bo\. 



By Lemma 3.13, there exists a number mo > 1 and a positive sequence {pk)k 
decreasing to zero so that for every m > mo and j = j(m) the intersection 
of the intervals /[omio^C-O an d I is nonempty and that for every x £ I we 
have 

e -m-m Pm < \(f [0ml0j] )'( x )\ < e w+ m ^. 
This implies, possibly after slightly decreasing (pk)k, that 

We now consider the sub-interval 



(3.13) 



(3.14) 



J, 



f { o^](i)n{f Hi)ui). 



and consider its expanded successors as defined in Definition 3.2 



First recall that by Remark 3.3 the number of applications of the maps 
fo and f\ involved in the definition of the expanded successor of an interval 
is uniformly bounded from above and below by numbers N\ > N2 > 1 that 
do not depend on the interval. Moreover, recall that by Remark 3.3 each 
expanded itinerary has a uniform expansion bounded from below and above 
by numbers k\ > K2 > 1 that are independent of the itinerary. 



Therefore, as the length of the interval in (3.14) is bounded from below 



and each expanded successor involves a uniform expansion bounded from 
below by K2, we need to repeat a finite number N = N(m,j) of times 
the expanded successors to obtain the c over ing of the fundamental domain 
[/o~ 2 (^o)' /(T 1 (^o)] as stated in Lemma 



3.5 



Now we denote by F m j 



the 



resulting concatenated map. Moreover, by construction the interval 



/[So. 



.$ n ](Jm,j) = (fo F, 



)(Jm,j)> 



covers the original interval / and hence there exists an expanding fixed point 
Pm,j £ I with respect to the map /r^i with rj = (CPlO-^o • • • in)- Moreover, 
by the comments above, n is some number satisfying iViV2 + 1 < n < 
NNt + 1. 

We finally estimate the Lyapunov exponent of p m j . Using the length esti- 



mate of J m j in (3.14) and the uniform expansion of each expanded successor 
by a factor of at least K2, we can estimate N from above by 



N < 



C + jpj + mp ri 
log K 2 



(3.15) 



where C > only depends on the length [/ 2 (6q), fo H^o)]- Hence, by (3.13) 



and since each expanding iterate expands at most by k\, the Lyapunov 
exponent at p m j satisfies 

ft , w N log Kl + jpj + mp m N log Ki + jpj + mp m 

N N 2 + 3 + m j + m 
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Now (3.15) implies that the upper bound can be estimated from above by 



, \ C + jpj + mp m log ki jpj + mpr, 



log K 2 j +m j + m 
Recall that the index j = j(m) is large when m is large. Thus, pj, p m —> 
and hence this exponent is arbitrarily close to 0. □ 

3.4. Admissible domains. In this subsection we explore the rich structure 
of admissible domains. 

Notation 3.2. Given £ = (... £-i.£o£i • • •) G X2 and m > 1, let us denote 

^..^.] =/t-i°-°/{-»([0»l])- (3.16) 
This set is always a non-trivial sub-interval of [0, 1]. Note that /^([0, 1]) C 
[0, 1] for every £j € {0, 1}. Therefore, for each one-sided infinite sequence 
£ = (. . . £_2£-i-) the sets %_ m ...^_ 1 .i form a nested sequence of non-empty 
compact intervals. Thus, the set defined by 

%] = Pi 

m>l 

is either a singleton or a non-trivial interval. For completeness, for each 
n > we write 

Remark 3.14. Note that given a sequence £ G £2, an Y point s G Ir^i is 
admissible for £. Observe that for all m > 1 the interval ^_ m ...^_ 1 .] is the 
maximal domain of the map /[g„ m ...^_ 1 .] which justifies our notation. 

Note that any sequence £ G X2 is given by £ = £ .£ ' . where £ + G H^" = f 
{0,l} N andr eS 2 = {0,1}" N . 

Proposition 3.15. VFe /icwe i/ie following properties: 

1) TTie set {£ G S2 : is a single point} is residual in £2. 

2) Given £ + G Ejj" > t/ie set G X 2 • * s non-trivial} is un- 
countable and dense in £r. 

Moreover, for every closed interval J C [0, 1) and every £ + G t/ie set 0/ 
sequences £ _ G X 2 witt Ir^-^+i D J is uncountable. 

We postpone the proof of this proposition to the end of this section. Let 
us first collect some basic properties of the admissible domains . 

Lemma 3.16. Given a finite sequence (£- m . . -C-i), tf £-k = 1 f° r a t least 
two indices k G {1, ... , m} then %_ m ...^_ 1 .] C (0, 1). 

Proof. Let m > 1 be the smallest index so that £_ m = 1. By property (F01) 
we have I K _ m ... 5 _ 1 . ] ([0, 1]) = [Q,a] C [0, 1). Recall that / ([0, 1]) = [0, 1] and 
/o(0) = 0. If k > m is the smallest index such that = 1 then we have 

I [ S_ k .. 4 _ m .. 4 _ 1 . ] = [hoft m -\c 1 )J 1 (0)], 
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where /i o /o -m_1 ( c i) > and < L Tnis implies that for all £ > k we 
have C (0, 1). This proves the lemma. □ 

Note that / fc ([0, 1]) = [0, 1] implies that 
This implies the following result. 

Lemma 3.17. For all k > 1 we /icwe ^[ofcf_ m . f.jj = %_ m ...£_i.]- 

Lemma 3.18. Given £ = (. . . £— i-£o£i • • •) S £2 satisfying £_ m = /or 
a// m > mo /or some index mo > 1, the domain J^j = „^_ 1 .] is a 

non-trivial interval. 

Proof. Recall that %_ m ...^_ 1 .] for any m > 1 is a non-trivial interval. Hence, 
the claim follows from Lemma 13. 171 □ 

We now start investigating the structure of admissible domains. Recall 
the choice of constants 7 and /3 in (Fl.i) and (FO.i). 

Definition 3.19. We call a sequence £ = (. . ■£-l-£o£l . . .) G £2 asymptoti- 
cally contracting if for every m > 1 we have that 

m 

limsup7 fcm /3 m ~ fc ™ = 0, where k m = V(_, (3.17) 

m— >oo . , 



With (3.16) and properties (FO.i) and (Fl.i), if £ is asymptotically con- 
tracting we get that the length of the interval Itg\ satisfies 

\h £] \ < lim 7 fe -/3 m " fc - = 0. 
The following lemma is hence an immediate consequence. 

Lemma 3.20. For every asymptotically contracting sequence £ G £2 the set 
Ltf consists of a single point. Moreover, if £ = (£o---£m-i) Z is periodic, 
then this point is an attracting fixed point of the map f\£ ...£ m _ 1 ]- 

Remark 3.21. Given any asymptotically contracting sequence n = rf~ G 
£2, the set £ + G £^1 consists of only asymptotically contracting 

sequences. Observe that this set clearly is uncountable. 

Lemma 3.22. The function £ 1— > |7^| is upper semi- continuous but not 
continuous. However, it is continuous at every n G £2 for that i^j is a 
single point. 

Proof. Let 77 G £2- Since I[ ri _ n ... v „ 1 .] form a nested sequence of compact 
intervals, their length is non- increasing and for any e > there exists N > 1 
such that \I[ V ] \ < |-f[j7_ n . ..rj_i.l I < I-^mI + e f° r every n > N. For every £ G £2 
with d(^,rj) < 5 = Yl\i\>N we have £j = rji for every \i\ < n and thus 
|%_„...f_x.]l = l-^[»?_„...r;_i.]l- Since I[^_ n ... £ _ 1 .] is also nested, we obtain 

^ = \ I [ V -n...r,- 1 .]\ < l J Ml+ e > 
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which implies upper semi-continuity. 

If iLi is a single point only then \I[ v _ n ... v _ 1 .] I = !%_„...£_!.] | < £ and 

H J mI ~ l%]l| ^ H J Ml ~ l J [»?-n...r?-i.]l| + !%_„...£_!.] I - l%]l < 2e- 
This implies continuity at rj. 

Finally, observe that the function £ i— > |/^]| is not continuous in general. 
Indeed, taking r\ = (0 Z ) recall that iLi = [0, 1]. However, as every sequence 
£ G X2 for that £_j = 1 for all i large enough is asymptotically contracting 



and hence, by Lemma 3.20, the domain Lg\ contains only a point. Clearly, 
such £ can be chosen arbitrarily close to n. □ 

To complete our analysis of admissible domains let us consider the sets 
Ir£] that contain a repelling point. 

Lemma 3.23. For every periodic sequence £ = (£o£i • • • Cm-i) 1, 6 ^\ {0 Z } 
for that the map /r^ ...^ m _ 1 ] possesses a repelling fixed point q, the set Irti is 
a non-trivial interval. Moreover, this interval contains points poo and poo 
with poo < q < poo that are fixed with respect to /£ g 1. 

Proof. Assume that q is a fixed point with respect to /[g ...^ m _ 1 ] that is re- 
pelling. Consider a point p G W£ c (q, /[g ...^ m _ 1 ]) an d note that the sequence 
of points pk = ^ ^ ^ 1> i s well-defined. Let us assume that 

p < q. Note that ^ 1 preserves orientation and hence we can con- 
sider the limit poo = lnnfc_ ) . 0O pj. G [0, 1]. Observe that /[| ...^ TO _ 1 ](p 00 J — Poo • 
Since p G W^ c (g, /[£(,...£„,_!]) and p / q, we conclude p^ 7^ g. Then, since 
/re c 1 preserves orientation, we can conclude that the interval [poo,<7l is 

Ls0-"^7n — lj 

contained in Im. 

Completely analogous, we can show that I[tj contains an interval [<?,p~oo] 
where poo = /r| £ ^(Poo) ^ <?• This completes the proof of the lemma. □ 



Observe that, as a consequence of Proposition 3.10, there are infinitely 



many periodic sequences £ such that con tains a repelling periodic point 



and therefore is non-trivial, by Lemma 3.23 



We now start by analyzing further properties of the admissible domains. 



Continuing Remark 3.21 , we show that the set of asymptotically contracting 



sequences is in fact much richer. 

Lemma 3.24. Given any £ + G ; the set 

= {i] = 7/~.£ + : r[~ G Yi~2 and n is asymptotically contracting} 
is uncountable. 

Proof. Fix any £ + G £2 • To prove that the set C £2 is uncountable we 
use the standard Cantor diagonal argument. 

Arguing by contradiction, we assume that A^+ is countable. Notice that 
for every asymptotically contracting sequence £ = (. . . £_i.£o£i • • •) £ ^2, 
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we cannot have £_j = eventually for all large enough i. Let us consider 
only the subset A^+ C A^+ of sequences £ = (. . • £-i.£ + ) for that = 
for infinitely many i. Clearly, this set is also countable. Consider some 
numeration of it 

As + = {e = (. . . i L k K h L ^o K le),f = (■■■ i L k K h L 'o K lt), ■ ■■}■ 

Here we allow also K\ = in which case the symbol is neglected. We 
now construct a "new" sequence of Ae+ that is not in that numeration. Let 
L\ = L\ + 1 and for k > 2 choose some number 

Z fc+ i > max {L k , L k k \\ } such that /3 • u ■ /3 fc < ^. 

Observe that the sequence (. . . 01 L2 01 Ll 0.£ + ) is asymptotically contracting. 
By construction this sequence in not in the enumeration of A^+ above, that 
is a contradiction. Hence, A%+ (and thus A^+) is uncountable. □ 

The following lemma shows that the set of sequences £ having a non-trivial 
admissible domain I™ is also very rich. 

Lemma 3.25. For every closed interval J C (0, 1) and every £ + £ S^" i/ie 
set 

A + ,J = tt = (r-£ + ) : r € and %, D j} 
zs uncountable. 

Proof. First, let us show that A^+ j is nonempty. Note that given any 
J C (0, 1), there exists a number k = k(J) > 1 such that fQ k (J) C (0,ci), 
where ci = /i(0). Let now Jo = J and Ki = f fc(Jo) = k(J) and note that 
by definition in equation (3.16) we have 

Jo C / Xl ([0,ci]) = (jf 1 o /^([0, 1]) = I [1q k u . 

For £ > let us now define recursively 

K e +i > k(J e ) such that f~ Ke+1 (J e ) C (0, a) 

and 

j m = (/rW ~^ +1 ) w 

With such a choice, we have 
Je+i = (/f 1 o / - o . . . o f-i o / - Xl )(J) = f [10 K i+1 wKl ] {J) c [0, 1] 

and hence J C J| 10 k^ +1 1QKl j for every £ > I (recall Remark 3.14). This 

implies J C Lg\ for the sequence £ = (... 10 ^ . . . 10 Kl .£ + ). This proves that 
A^+ j is nonempty. 

We point out that, since we have fQ m (Je) C (0, ci) for every m > Ke + i, 
we can repeat the construction above replacing in each step Kg by any 
number Kg > Kg. In this way, we get a new sequence £ such that J C Im. 
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In particular, this implies that the set of sequences £ such that J C Jg] is 
infinite. 

The above remark guarantees that the set A^+ j is infinite. To prove that 
j is uncountable we use again the Cantor diagonal argument. Arguing 
by contradiction, we assume that A^+ j is countable. Let us consider the 

subset C A^+j defined by 

A^ +tJ = h = (• • .o K3 w K no K \t) e s 2 : 

there are infinitely many blocks of Os of length Kt 
satisfying -fQ+i > Kg for all I > 1 

and -/"[£_ m _j .] D J for all to > l| 
and consider its numeration 

^ +jJ = {e = (. . . io^ 1 . . . w K ie),e = (... io^ 2 . . . io^V), . . .} . 

Let now Jq = J and ^ = max{K{ + 1,/c(Jq) + 1} with J' Q C /r^, ([0, ci]) 
and write J[ = (/f 1 o / ~ Kl )([0, 1]). Note that J{ C I [1Q ir ir Arguing 
inductively, for t > 2 let us choose a number ii^+i such that 

K l+1 > max {K t , K^\,k(J[) + 1} and J^ +1 d = f (/f 1 o / ^ +1 )( J^). 

Bearing in mind the above remark and arguing as above, these choices give 

T — - — Tt 
[w K t+no K n...w K i.] J e + v 

Clearly, none of the sequence is in „4c+ j, contradicting 

that ^4f+,j is countable. Hence A^+ t j is uncountable. □ 

We finally provide the proof of our proposition. 



Proof of Proposition 3.15. We first prove that the set of sequences with triv- 



ial spines is residual. As an immediate consequence of Definition 3.19 



given any sequence £ = (. . • £-i-£o£i • • •) G ^2, for any m > 1 the sequence 
£' = (... ll£- m • • -£-i-£o£i£2 • • •) is asymptotically contracting. Moreover, 



by Lemma 3.20 the domain Jr^/i is a single point only. Clearly, the distance 
between £ and £' can be made arbitrarily small when increasing m. This 
proves that the sequences £ such that Jr^i is trivial are dense in £ 2 . Given 
e > 0, consider the set 

A = Ue£ 2 : l%]l<4- 

The second statement in Lemma |3.22 in particular implies that A £ contains 
an open and dense subset of £ 2 . Thus, the set Hn>l At/n contains a residual 
subset that consists of sequences for that is a single point. This proves 
the first part of the proposition. 

We now look at the set of sequences with non-trivial spines. Given any 
sequence £=(... £_i.£o£i ■ • •) G E 2 , recall that %_ m ...^_ 1 .] for any m > 1 is 
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a non-trivial interval. By Lemma 



3.17 



we have V«-™-«-i.] = 7 K-m...*-i. 



for any k > 1. Further, recall that 7j^_ m ...^_ 1 .] = ^[f_ m ...£_i.f — £ml- Thus, 
the sequence £' = (... 00£_ m . . . £-i.£o£l • • •) satisfies Jg/i = %_„...§_!.] and 
hence contains an interval. Clearly, the distance between £ and £' can be 



made arbitrarily small when increasing m. Together with Lemma 3.25, this 



proves the second part of the proposition. □ 

3.5. Gap in the Lyapunov spectrum. We finally establish some gap in 
the spectrum of Lyapunov exponents. 

Proposition 3.26 (Spectral gap). Let 

x = su P {x(p,0^e [0,i],eeS2\4 

where 

E d = f {i = (C-t) ■■ t = (6) • • • ^0 N ), k > 0}. 
Then f3 = exp x < P- 

Proof. The idea of the proof is quite simple although the proof itself is a 
bit technical. Note that the exponent x(p, £) could be close to j3 only if the 
orbit {/[£ ...f m ](p)}m>i stays arbitrarily close to infinitely often. Note also 
that each visit close to was preceded by a visit close to 1. This implies 
that the effect of expansion (iterates of /o close to 0) will be compensated 
by a (previous) contraction (iterates of /o close to 1 and some iterates of /i) 
that will force the exponent to decrease. Now we will provide the details. 

For simplicity of the exposition we assume that /o is non-linear in a neigh- 
borhood of 0. A similar proof can be done in the general case. Consider a 
number 5 > close to and define the sets 

ffo = M, H' ^fr 1 (H Q ) = [h' ,l]. 

Recalling condition (F01), we have that if 5 is small enough then 

f 1 (H )nH = ®, / 1 (BS)nflS = 0, / 1 ([o,i])nfl 7 o = 0- (3-18) 

We first introduce some constants that will be used throughout the proof: 

5= f min|/{|, S?= f max|/{|. (3.19) 
H o H o 

Note that a/ a ~ 1 if 5 is small enough. Let us further define 

Po = sup{/^) : x i H } = sup{/ (x), f[(x) :xtH }<p. 

Observe that /3$ < (3 follows from our simplifying assumption that fo is 
non-linear close to 0. Let 

Pb = [n ^{fb( x ) '■ x e H o} < P, A' = sup{/o(x) : x G H' }. 
Note that if 5 is small then Aq and f3' are close to A and f3 and thus 

II VI l0 &P II \/ I I l °SP -I nl fo onA 

|logA|- — — - |logA | + — — < log/3 . (3.20) 
10 S Po z 



28 



LORENZO J. DIAZ AND KATRIN GELFERT 



To prove the proposition, note that it is enough to consider the case that 
£i = for infinitely many i > 1. Indeed, otherwise, because fi is a contrac- 
tion, we have x{Pi £) < 0- Moreover, by replacing p by some iterate, we can 
assume that p ^ 0. Further, we can assume that the orbit {f\£ ...£ m ](p)}m>o 
hits the interval #o infinitely many times. Indeed, otherwise this orbit is 
contained in the interval (5, 1] in which the derivatives /q and /{ are upper 
bounded by /5q and thus the Lyapunov exponent of x(p, £) is upper bounded 
by log/^Q. Hence, without loss of generality, possibly replacing p by some 
positive iterate, we can assume that p £ Hq and f^ (p) $ Hq. 

For every m > let us write 

Pm+l = /[&...£„,] (P)- 

We define three increasing sequences (e^lk, (ifc)fc of positive integers 

as follows (compare Fig. [4]): if. < ry. < e k < ik+i, 

Pj G ifo if and only if < j < ek for some k, (3-21) 

and 

Pj G H' if and only if i/~ < j < r& — 1 for some k. (3.22) 




Figure 4. Definition of the sequences (r^)*., (ek)k, (ik)k 



Note that indeed by our choices the only way of entering Hq is by coming 
from Hq after applying f\ and the only way from entering in H' Q is after 
applying Jq. More precisely: Since Ji(Hq) n Hq = 0, recall (3.18), we have 
that £j = for every index j G {r^, . ..,e*. — 1} whenever r& < e&. By 
definition of we have p rfe G -ffo and Pr fc -i #0 and thus £>r fc -i > Pr k - 
Since /o is an increasing function, we have that p Tk / /o(p rfe -i)- Thus, 

Pr fc = fl(pr k -l), Pr k -1 G #0, a nd £ rfc _l = 1. 



Since /i([0, 1]) n H' = 0, recall (3.18), we have £j = for every index 
J G {ifc — 1, . . . , — 2}. In particular this implies that 

Pi^KM)). (3.23) 

By the definitions of Hq and of the sequences above we have that pj ^ Hq 
for all j G {ek + l,ifc+i — 1}, and therefore 

fog|(/fe fe+1 ... Wl ])Wi)| < (AO** 1 -*- 1 . (3-24) 

Let us denote by iVjfe the number of iterates of the point pi h in Hq , that is 

N k = r k -4-1. 
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Proof. Recall that by (3.23) we have pi k < fo(h' ) and hence 



Since h' = f 1 1 {S), with (3.19) we can estimate 1 — h' > a 1 5. Hence, by 
(FO.i) we can estimate 

i-Pr k -i>i-f^ + \K)>\ N * +l a^5. 

Finally, since /i(0) = 1, we have 

Prk = f 1 ( Prk ^ 1 )>aX N ^ +1 a~ 1 d, 
which proves the claim. □ 



By Claim 3.27 e k — r k is bounded from above by M k + 1, where M k is 
defined by 



that is, 



(^) Mfe 5a- 1 A^ +1 5 = 5, 



(iV fc + l)|logA| - log a/a 
log 



+ 1. 



(3.25) 



Let us now estimate the finite-time Lyapunov exponents associated to 
each of the finite sequences . . . £ efc ) . 

Claim 3.28. There exists /3q < (3 such that 
lo g|(%...? e j)'fe 



e k -i k + l 



Proof. We can freely assume that the number of iterations in the interval 
Hq is the maximum possible (clearly this is the case that maximizes the 
derivative /g. ...£ e ])• That is, let us suppose that e k — r k = M k . Recalling 
the definition of a in (3.19), with the above we obtain 



lo g|(/K lfc ...^])W| < M fc log/3 + loga-iVfc|logA^| 



e k ~ ik + 1 



M k + N k + 1 
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From ( |3.25 ) we conclude 

l0 g|(/[ft fc ...ft fc ])W)| 



< 



< 



e k - ik + 1 
1 

M k + N k + 1 
^fc 

M fc + JV fc + 1 
1 



(.V A .+ U!logA| -log^f) i^|_+l O g/3-iV fc | log A' | 



|logA| 



ocj log/3£, 

log/3 M „„ x /A , log/3 
log/3. 



7"|logA |) + 



M k + N k + 1 



+ 



M fc + iV fe + 1 
log/3 



|logA| - log 



a \ log /3 



< |logA| 



log/3 



|logA'o| + 



«/ l°g/3 
log/3 N 



+ 



1 



M fc + iVfc + 1 
in t 

l°g|(/K 



|logA| - log 



log/3 
log/%' 



where in the last line we also used M k + N k + 1 > 2. By (3.20) 

■Se k ])'(Pi 



'Ik i 



< log/3 + 



1 



|logA| - log 



a 



a 



log/3 

l0g/3n 



e k -i k + l ~~~°'~ u ' M k + N k + 1 

Let L > 1 be large enough such that the right most term in the last 
estimate is less than e = f (log /3 — log /3q)/2 whenever M k + N k + 1 > L and 
thus the claim is proved if M k + N k + 1 > L. In the finitely many remaining 
possible cases with \f{\ < 7 (recall (Fl.i)) we can estimate that 

lo s\{f^ k ...^ k ])'iPi lc )\ 
efc - ik + 1 
Hence, with 



log (^7) ^ I 

< max — < max 

- l=l,...,L £+1 £=1,...,L£ + 1 



log /3 < log/3. 



/3 ' = exp maxjlog (3' + e, max 
we have /3q < /3. This proves the claim. 



e+i 



log/3} 



□ 



We are now ready to get an upper bound for x(PiO- ^ I s enough to 
consider segments of orbits corresponding to exit times e k and starting at 
the point p\\ 



l°g I (/[ft. 



(Pi 



ek 



i=o 
+ 



: + l°g|(/[ft,....ft,.])'(^)| 



efc 



log|(/ [ ^ +1 ...e i . +1 _ 1 ])'(^ +1 ) 



ij+i 



1 



By equations (3.24) and Claim |3.28 we get that this derivative is bounded 
from above by max{log/3o, log /3q} < log/3. This completes the proof of the 
proposition. □ 
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4. Transverse homoclinic intersections 

4.1. The maximal invariant set. In this section we are going to prove 
that the maximal invariant set of F in the cube C (recall the definition 



in (2.1 )) is the homoclinic class of a saddle of index u + 1. 

Theorem 4.1. Given the periodic point q* = q* Io € [0, 1] and the expanding 
sequence £ = £(Iq) provided by Lemma \3.£\ applied to the interval Iq = 
[/q -1 (6o), bo], consider the point q = ru^ 1 ^). Then the periodic point Q* = 
(q, q*) has index u + 1 and Ap = H(Q* , F). 

Note that this result implies in particular that this set is transitive and 
contains both saddles of index u+1 and of index u and thus is not hyperbolic. 



To prove Theorem 
system in Section [3 



4.1[ we will use the properties of the iterated function 
This translation is possible by the skew structure of F. 
In fact, the following remark follows immediately from this structure. 

Remark 4.2. Given a periodic sequence £ = (£o • • • £m-i) Z £ ^2 and a 
fixed point r S [0,1] of the map f[£ ...£ m _ 1 ], there is a canonically associ- 
ated saddle point R = (r s ,r u ,r) where (r s ,r u ) = ra7 -1 ((£o • • • £m-i) Z )- If 
|/^ o ^ i j(r)| ^ 1 then the saddle R is hyperbolic and 

{r s } x [0,1]" x W u (r,f {l : ... u _ A ) C W U (R, F), 
[0,l] s x {r u } x W'fr /fco~.e~-i]) c W S (R,F). 
Note that if l/r^O™)! > 1 (respectively, < 1) then the saddle R has 

index u + 1 (respectively, u) . 

We introduce some notation. Given a periodic sequence (£o • • • 6n-i) Z £ 
S 2 and a fixed point r { ^ u _ i} z = /[ fo ...U-i] ( r (? ...? m -i) z )> we wil1 consider 
the point 

%>...? m -i) z - • •&n-i) Z ),r (& ...£ m _ l) z) 

that is periodic under F. Notice that there can exist fibers that contain 
more than one periodic point, that is, in general the points r (g ...g m _ 1 )z and 
hence ^(g ...^ m _ 1 )z are n °t unique. 



Remark 4.3. Note that Remark 4.2 implies, in particular, that for every 



periodic point R £ Ap\{Q, P} one has that W U (R, F) intersects transversely 
[0, l] s x {0 U } x (0, 1) C W S (P, F) and that W S (R, F) intersects transversely 
{0 s } x [0,1]" x (0,1) C W U (Q,F). 

Remark 4.4. Given a periodic point R = ■R(£ ...f TO _ 1 )z = (r s ,r u , r) such that 
W s (r, /[^ ...^ m _ 1 ]) contains the forward orbit of either or 1, then W U (P, F) 
intersects W s (R, F) transversely. 

We have the following relation for periodic points with index u. 

Lemma 4.5. Consider a periodic sequence £ = (£0 • • • £m-i) Z £ ^2 with 
£ 7^ Z and an associated periodic point of the map F 
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1) If R has index u and if the stable manifold W s (r, /[£ ...£ m _i]) contains 
[0, 1] then R is homoclinically related to P. 

2) If R has index u + 1 and if the unstable manifold W u (r, /[^ ...^ m _ 1 i) 
contains a fundamental domain of fo in (0, 1) then for every saddle 
R G Ap with R^ Q the manifolds W S (R, F) and W U (R, F) intersect 
transversely. 

Proof. Note that as £ ^ Z , we have that r G (0, 1) and thus R^Q, P. 

Suppose that i? has index u. Remark |4.3| implies that W U (R,F) inter- 
sects transversely W S (P, F). To see that W U (P,F) intersects transversely 
W S (R, F) (and thus the R and P are homoclinically related) it suffices to 
note that {y s } x [0,1]" x {/i(0)} C W U (P,F), for some y s G (0, l) s , and 



that [0, 1] C W s (r, /[f ...,f m _i]) > Remark 4.2 then implies the assertion in 1). 

To prove item 2) note that our assumptions imply that for some funda- 
mental domain D = [d, fo(d)] C (0, 1) of fo and some point z s G (0, l) s we 
have that 



A = {z s } x [0, If x D C W U (R, F). 



Remark 



4.3 



applied to R implies that W S (R, F) accumulates at W S (Q,F) 
from the right and therefore (from the definition of /i) W S (R, F) accumu- 
lates to {0 s } x [0, 1]" x {1} from the left. In particular, for every 5 > there 
are x € (1 - S, 1) C (fo(d), 1) and z u £ (0, 1) such that 

T = [0,l] s x {(z u ,x)} C W S (R,F). (4.1) 

The choice of x implies that some negative iterate of T by F transversely 
meets A C W U (R,F). Thus W S {R,F) transversely intersects W U (R,F), 
ending the proof of the lemma. □ 



Remark 4.6. Note that equation (4.1) and the fact that x can be taken 



arbitrarily close to 1 implies that for every saddle R G Ap, R ^ Q, every 
fundamental domain D of /o in (0, 1), and every x s G [0, 1] we have that 
{x s } x [0, If x D (f] W S (R, F) / 0. 

We continue exploring the skew-product structure and the strong un- 
stable directions of the global transformation F. 

Remark 4.7. Consider an interval / C [0, 1], a point y s G [0, l] s , and the 
disk A = {y s } x [0,1]" x /. Given a finite sequence £ = (£o---£m) with 



Notation 3.1 there is some y s G [0, l] s such that 

F m+1 (A [c] ) = {r}x[0,l]"x/ K] (/). 

Lemma 4.8. Given the periodic point Q* = (q s ,q u ,q*) = (q,q*) in Theo- 
rem 4-1 > the unstable manifold W U (Q* ,F) intersects transversely the s-disk 



[0,1} S x {(x u ,x)} for any (x u ,x) G [0,1]" x (0,1). 

Proof. Consider the finite sequence £ = £(Iq) associated to q* as provided 



by Lemma 3.8 Recall that by Lemma |3.8| the fundamental domain D 
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[/o~ 2 (^o)' fo 1 ^)] i s contained in W u (q* , /[£])■ This implies that 
A = {q s } x [0, 1} U x D C ^ U (Q*, F). 



Let us consider the following forward iterations of Ao by F. For i > define 
recursively 

A l+1 c ^ f F l+1 (A n C [oi+ i]) = F(Aj n Co) = {g! +1 } x [0, 1} U x /q +1 (D), 
for some point qf +1 G [0, l] s . Observe that 

LU(j>)3 [/o _2 (&o),i). 

i>0 

Thus for every x G [/o~ 2 (&o)> 1) there is some point y s (x) G [0, l] s such that 

= {y s (x)} x [0, If x {*} C W U (Q\F). 

This implies that the lemma holds when x G [/o~ 2 (^o)) !)• 

To complete the proof of the lemma, first observe that, by (iii) in (F01) 
for any point x G (0, /o~ 2 (&o)) one has 

x' = frHx)e [/ - 2 (6 ),i). 

Thus, we can consider the disk T x > and the point z s (x') G [0, l] s given by 

F(T X , n Ci) = {z s (x')} x [0, 1} U x {Mx')} = {z s (x')} x [0, l] u x {x}. 

By construction, the n-disk F(T X / n Ci) is contained in W U (Q*,F) and 
intersects the s-disk [0, l] s x {(x u , x)}. This ends the proof of the lemma. □ 

Remark 4.9. Given X = (x s ,x u ,x) G Ap, we denote by W SS (X, F) (by 
W UU (X,F)) the strong stable manifold of X (the strong unstable manifold 
of X) defined as the unique invariant manifold tangent to E s (to E u ) at X 
and of dimension s (dimension u). Note that we have 

[0,1} S x {(x u ,x)} C W SS {X,F), {0 s } x [0,l] u x {x} C W UU (X,F). 

Remark |4.9| and Lemma |4.8| immediately imply the following. 



Corollary 4.10. For every X = (x s ,x u ,x) G with x G (0,1) we 
have W U (Q*,F) rh W SS (X,F) ^ 0. In particular, we have W U (Q*,F) (\) 
W S (R, F) for every saddle R G A F \ {P, Q}. 

Notation 4.1. For a point X G C and a number i G Z such that F l {X) G C 
let us write 

X i = F i {X) = (xlx u i ,x l ). 

Given x s G M s we denote Bg(x s ) = {i£l s : d(x, x s ) < 5}. We will also 
use the analogous notation B$(x u ). 



The following proposition is the main step in the proof of Theorem 4.1 



34 LORENZO J. DIAZ AND KATRIN GELFERT 

Proposition 4.11. Consider a point X = (x s ,x u ,x) 6 Ap such that Xi E 
(0, 1) for infinitely many i < 0. Given 5 > 0, the disk 

Af(X) d = f 5f(x s )x{(xV)} 
transversely intersects W U (Q*,F). Given a point 

X(S) = (x s (5),x u ,x) E A S 5 {X) (h W U {Q*,F), 
then for every e > the disk 

Af (X(6)) = {x s (6)} x B^{x u ) x [x-e,x + e] C W™(Q*,F) 
intersects W S {Q* ,F) transversely. 



Proof of Proposition 4-11 Since Xj E (0,1) for infinitely many i < 0, the 
uniform expansion in the s-direction with respect to i* 1-1 implies that there 
is some iterate i < such that 2j S (0, 1) and 

[0,fx{«,x t )}cF(AKl)). 



Thus, by Lemma 4.8, F i (Ag(X)) intersects W U (Q* , F) transversely and 
hence A|(X) intersects W U (Q*,F) transversely. 

Note that, since X E Ap, the definition of X(5) implies that X(6) S Ap. 
Consider now the forward orbit of X(S) and let ^ = (£o£i • • ■) € S^" be the 
one-sided sequence that is determined by 

F'ixiS)) e c 5iJ i>o. 



We let Aq = A^"(X(J)) and (using Notation 3.1 ) recursively define for i > 



A l+1 d = f F(Ai n C € J = F* +1 (A n c Ko .. 4i] ). 

The uniform expansion in the n-direction implies that there is a least iterate 
io such that we cover the unstable vertical direction, that is, such that 

A l0 = {y s (5)}x[0,l] u xL (4.2) 

for some point y s (5) E [0, l] s and some interval L C (0,1). Clearly, this 
covering property is also true for any i > iq. 

Notice that, in general, we have no information about the location of the 
interval L. Thus, in principle, we cannot apply our preliminary results about 



expanding itineraries in Section 3.2 and we need to consider some additional 
iterates of L. More precisely, let us now first consider some image H of L by 
the iterated function system such that we can apply these arguments to H. 
Recall that, in particular, such interval H must be contained in [/q~ 2 (^o), °o]- 
Let us take a jo large enough such that /q° (L) is close enough to 1 and that 

/ [0301] (L)c(0,/ - 1 (a )) = (0,/ - 2 (6o)). 
Consider now the smallest number £q > such that 

/ [OJ010 , 0] (L)n(/ - 2 (6 ),6o] /0 
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and consider the finite sequence r\ = (0 J0 10 £ °). Let us define 

tf = f [v] (L)n [f 2 (bo),b ] 

and consider the disk 

A = F* 0+1+t ° (A J0 n C W ) = {y s } x [0, 1]" x H, (4.3) 



where y s is some point in [0, l] s . In comparison to (4.2), this disk is now 
appropriate to ap : 



By Remark 



4.6 



•ply our arguments on expanding itineraries, 
if H contains a fundamental domain of fo then A meets 
W S (Q* ,F) transversely and, since A is a positive iterate of Af 1 (X (5)) , we 
are done already in this case. 

In the general case we will see that some forward iterate of H will contain 
the fundamental domain [fQ 2 (bo), /o~ 1 (^o)]- To prove that, we apply our re- 
sults about expanded successors in Section [3.2| By Lemma 3.5, there exist 
expanded successors H = H^, H(i(H)) of H such that H^ H ^ 

contains the fundamental domain [fo~ 2 (bo), /o~ 1 (^o)]- Together with the ex- 
panded successor, for j = 0,...,i = i(H), we obtain an expanded finite 
sequence £u\ = £(H(j(H))) of length recall equation (3.1). 



We now define recursively a sequence of disks as follows. Let Ao = A 
with A defined in (4.3) and for j = 0, . . ., i(H) — 1 let 

S J+1 *^(i)iftnc Ka) ,). 

Notice that 

A i+1 = {y s j+l } x [0, 1]" x / Ko ,](F (j> ) = {y s j+l } x [0, l] u x H {j+1) , 
for some point E [0, 1} S . As H ^h)) contains the fundamental domain 



[/c 7 (MJo (bo)} of fo, by Remark 4.6 the disk A i{H) meets W S (Q*,F) 



transversely. Hence, the proposition is proved in that case also. □ 

As a consequence of the proof of Proposition |4. 1 1] we obtain the following. 

Remark 4.12. Observe that we have {(0 s , 0")} x (0,1) C H(Q*,F). As 
the homoclinic class is a closed set, we can conclude that {(0 s , 0")} x [0, 1] C 
H(Q*,F). In particular, we have P, Q € H(Q*,F). 

Remark 4.13. The proof of the proposition implies that for any hyperbolic 
periodic point R ^ Q of index u + 1 the manifolds W U (R, F) and W S (Q*,F) 
intersect transversely. 



This remark, Corollary 4.10, and the fact that homoclinic relation is an 
equivalence relation, together imply the following result. 

Corollary 4.14. Every pair of saddles of index u+1 in Ap that are different 
from Q are homoclinicaly related. 

We finally formulate a simple fact. 



36 



LORENZO J. DIAZ AND KATRIN GELFERT 



Lemma 4.15. Given any sequence £ G S2, the point (x s ,x u ) = w 
and some point x G Ir^i, we Ziawe X = (x s ,x",x) £ Af . 



Proof. Recall Notation 4.1 As an immediate consequence of the skew- 
product structure of F, by definition of /[g] we have Xi G [0, 1] for all i £ Z. 

Since F is topologically conjugate to the shift map one has that (xf, xf) G C 
for all i 6 Z. Hence i^(A) G C for alii e Z and thus X G A F . □ 



We are now ready to prove Theorem 4.1 



Proof of Theorem \4-l\ Clearly, given any X = (x s ,x u ,x) G H(Q*,F), then 
(x s ,x u ) G C. ... It hence remains to prove Ap C H(Q*,F). We consider 
two cases. 

Case 1: X = (x s , x u , x) G Ap and X-i G (0, 1) for infinitely many i > 0. 
By Proposition |4,11[ and using the notation there, there exists a point 

X{5) = {x s {5),x u , x) G Af (X) n W U (Q*,F). 

Note that this point belongs to the forward invariant set and that the 
disk Af l (X(6)) C W U (Q*,F) transversely intersects W S (Q*,F) and hence 
contains a transverse homoclinic point of Q* . Thus 

Af (X(S)) nH(Q*,F) ±%. 



Since Proposition 4.11 holds for any e > we have that X(S) G H(Q*,F). 
As 5 can be taken arbitrarily small, the point X(5) can be taken arbitrarily 
close to X and thus X G H(Q* , F). This implies the theorem in case 1. 

Case 2: There is i$ such that X = (x s ,x u ,x) G Ap and G {0,1} 
for all i > iq. 

Replacing X by its iterate F~ l °(X), we can assume that X-i G {0, 1} for all 
i > 0. We continue distinguishing yet two more cases. 

Case 2.1: xq = 1. 

Since /^(x) = 1 if and only if £ = and x = 1, as the only possibility for the 
backward branch of A we must have x-i = 1 for all i > 0. Moreover, the 
sequence £ = -a7 _1 (xo) must satisfy £_i = for all i > 0. Hence A_j G Co 
for alH > and therefore the point X is of the form X = (0 s , x u , 1). 



Note that = [0, 1]. Thus, by Lemma 4.15 given any r > for every 
y G (1 — r, 1) there is a point 1" = (0 s , x u , y) that is in the set Ap. Note that 
these points form a uncountable set. Since the set of all pre-images 

{/ £ .. ...i , ({0, 1}) : (£-m • • • C-l) G {0, l} -m , m > l} 

is countable, without loss of generality we can assume that the point Y and 
its preimages with central coordinates y-i additionally satisfies y-i G (0, 1) 
for all i > 0. Now we apply Case 1 to the point Y and can conclude that 
Y G H(Q* , F). Since a homoclinic class is a closed set and Y can be chosen 
arbitrarily close to X, we yield X G H(Q*,F). 
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Case 2.2: x = 0. 

To distinguish the two only possible types of backward branches of X in this 
case, observe that fi(x) = if either x = and t = or x = 1 and £ = 1. 

Case 2.2 a: We have x_j = for all i > 0. Hence in this case G Co 
for all i > 0, and we can conclude as in Case 2.1. 

Case 2.2 a: There exists a first index z such that x-i = 1. Replacing X by 
the iterate f~ l (X), we can now conclude as in Case 2.1. 

This proves that Ap C H(Q* , F) and hence the proves the theorem. □ 

4.2. Particular cases. Supplementing the results in the previous section 
we show that, under additional mild hypotheses on the maps /o, /i, we yield 
further properties of the homoclinic class. 

First, we assume that the following Kupka Smale-like condition is satis- 
fied. 

(Fks) Every periodic point of any composition /[£ ...£ m ] is hyperbolic. 

Note that this condition is generic among the pair of maps /o, /i satisfying 
conditions (F0), (Fl), and (F01). 

Theorem 4.16. Under the additional hypothesis (Fks), for every periodic 
sequence £ = (£o • • • £m-i) Z there is a periodic point of F of index u in 
the fiber of £ (that is, tt(R^) = £) that is homoclinically related to P. 



Proof. The arguments in the proof of Lemma 3.23 and the hypothesis (Fks) 
together imply that the set 

n(/Ko...^ 1 ) 2fc ([0' 1 ]) 

km 

is either an attracting fixed point of f[£ ...£ m ] or an interval whose extremes 
are hyperbolic attracting periodic points of /[£ ,..f m i- In either of these two 
cases let us consider one such attracting point and denote it by r^. By con- 



struction W s (r, /f£ ...£ m i) either contains or 1. By Remark 4.4, this implies 
that W s {Rp, F) transversely intersects W U (P, F). On the other hand, by 
Remark 



4.3 



we know that W U (R^, F) and W S (P, F) intersect transversely. 
This implies that the saddles R^ and P are homoclinically related proving 
the proposition. □ 

Recall that in the previous case under the conditions (F0), (Fl), (F01) 
we have H(P,F) C Ap. We now consider another particular case. Let us 
assume that the maps /o and f\ satisfy the following condition. 

(F B ) If /i([0, 1]) = [0, c] then f Q {x) £ (0, 1) for all x £ [c, 1]. 

Theorem 4.17. Under the additional hypothesis (F-q) we have H(P,F) = 
A F = H(Q*,F). 
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The proof follows a line of argument somewhat analogous to the one of 



Theorem 4.1 Moreover, our arguments follow very closely the exposition 



in Section 6.2] using a construction of so-called blenders. 



First, we have a completely analogous version of Proposition 4.11 



Proposition 4.18. Consider a point Y = (y s ,y u ,y) G Ap such that yi £ 
(0, 1) for infinitely many i > 0. Given 5 > 0, the disk 

A^Y)^{y s }xBUy u )x{y}. 
transversely intersects W S (P, F). Given a point 

Y(S) d = f (y s ,y u (5),y) £ A^(Y) rh W S (P,F), 
then for every small e > the disk 

Af(Y(5)) = B s £ (y s ) x {y u (5)} x[y-e,y + e}c W S (P,F) 
intersects W U {P,F) transversely. 



After proving this proposition the proof of Theorem 4.17 is identical to 



the one of Theorem 4.1 so we refrain from giving these details. 



Proof of Proposition 4-18. The first steps of the proof are identical to the 



ones of the proof of Proposition 4.11[ 



Further, to show that we have A^ S (Y(5)) rh W S (P, F) ^ 0, we consider the 
iterate of an interval J = [y — e, y + e] by maps /« .^l]. First note that, 
under the hypothesis (Fb), the maps /q -1 and f^ 1 are uniformly expanding 
maps in [c, 1] and [0, c], respectively, with derivatives having moduli > K > 
1. It is hence an immediate consequence (see also the Lemma in [6]) that 
f\£_ m ...£_ 1 ,](J) for large m eventually contains the point c. Just observe that 
if c i / K _ m ... € _ 1 .](J) then either / [e _ m ... c _ 1 . ] ( J) € [0,c) or / K _ m ... c _ 1 j(J) € 
(c, 1]. In the first case let = while in the second one let = 1. 

Consequently, \f[^_ m _ 1 ...^_ 1 .]{J)\ > K m \J\. Thus, there is a first m with 
the desired property. 

Now, to finish the proof, note that the skew-product structure hence 
implies that there exist points y u E [0, 1]" such that 

[0,l] s x{y«}x/ K _ m ... ? _ 1 . ] (J)c^ s (P,F) 

and, recalling that c = /i(0), it implies that there is y s G [0, l] s so that 

{y s }x[0,l] u x{fi(0)}cW u (P,F). 

This means that we have Af (Y(6)) rh W U (P, F) ^ 0. □ 

5. LYAPUNOV EXPONENTS IN THE CENTRAL DIRECTION 

We now continue our discussion of Lyapunov exponents started in Sec- 



tion 3.3 Recall that, due to the skew product structure and our hypotheses, 



the splitting in (2.2) is dominated and for every Lyapunov regular point co- 



incides with the Oseledec splitting provided by the multiplicative ergodic 
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theorem. Here, in particular, a point S is Lyapunov regular if and only if 
for i = uu, c, and ss for every v G E% the limit 

Xl (S)^ lim 1 log \\dF§(v)\\ (5.1) 

n—>-±co n 

exists. In the following we will focus only on the Lyapunov exponent Xc(S) 
associated to the central direction E c . Observe that given a Lyapunov regular 
point S = (s s ,s u ,s) G A F and £ = (. . . £-i.£o£i • • •) £ S 2 given by £ = 
ro((s s ,s u )), we have 

^ = f j5S ^ 1 °8l^6»".e»-i]) / (')l- ( 5 - 2 ) 

Clearly, Xc(5') is well-defined for every periodic point. 

5.1. Spectra of Lyapunov exponents. Let us consider spectra of central 
exponents from various points of view. 

5.1.1. Spectrum related to periodic points. Given a saddle S, we define the 
spectrum of saddles homoclinically related to S by 

2homrei(5') = {xc(R) '■ R hyperbolic periodic homoclinically related to S*} 
and the periodic point spectrum of the homoclinic class of S by 
l per (H(S,F)) = {xc(R):R G H(S,F) periodic}. 
Clearly, Ih om rei(<S') C I ver (H(S, F)). Let Q* be the saddle provided by The- 



orem 



4.1 Since the homoclinic class H(Q*,F) coincides with the maximal 



invariant set Ap, we have 

-^homrel -^homrel 

(P)dX pei (H(Q*,F)). (5.3) 



Moreover, Xh om rei(Q) = {log/?} by Lemma 2.9 



Let us recall the following standard fact (see also |2} Corollary 2]). 

Lemma 5.1. Given two saddles S and S' that are homoclinically related 
and satisfy Xc(S) < Xc(S'), we have 



[Xc(S), Xc(S')] C Xhomrel('S') = ^homrel (S') . 

Proof. Recall that if the saddles S and S' are homoclinically related then 
there exists a horseshoe A$ t s' C Ap that contains both saddles. In particu- 
lar As S' is a uniformly hyperbolic locally maximal and transitive set with 
respect to F. The existence of a Markov partition implies that we can con- 
struct orbits in the hyperbolic set that spend a fixed proportion of time close 
to S and 5", respectively. This is enough to obtain periodic points in As t s' 
with Lyapunov exponents dense in the interval [Xc(S), Xc(S')]. Finally, any 
such periodic orbit is homoclinically related to S and to S' . □ 
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5.1.2. Spectrum of Lyapunov regular points. Let us define 

l reg (H{S,F)) = {xc(R) - R G H(S,F) Lyapunov regular}. 

We finally obtain the possible spectru m of central Lyapunov exponents. 
Recall the definition of (3 in Proposition 



3.26 



that is the biggest Lyapunov 



exponent as in (5.2) that is different from f3. 
Proposition 5.2. Let 



(3* d = f exp sup { X ■■ X 6 Xreg {H(Q* , F)) , X + log P). 



We have 



l per {H(Q*,F)) = [log A, log 0*] U{log/3} 

Cl vcg {H(Q*,F)) C [ log A, log 0] U{log/3}. 

Remark 5.3. Using different methods involving shadowing- like properties, 
one can in fact show that [log A, log (3] U {log/3} is set of all possible up- 
per/lower central Lyapunov exponents, that is, all exponents that are ob- 
tained when we replace lim by limsup/liminf in (5.1). Hence, in particular, 
we have equalities in Proposition |5.2| For the details refer to |12j . 



Proof of Proposition\5.S\ Let us first prove that (0, log (3*) C l peT (H(Q* , F)). 



Note that by Proposition 3.10 for every e > there exist a finite sequence 
(Co • • -£m-l) and a fixed point Q(^ ...( tm _ 1 Y £ (0, 1) with respect to the map 
/[Co --?m-i] t na ^ nas Lyapunov exponent in (0,e). Therefore, the correspond- 
ing periodic point Q(f ...^ m _ 1 )z nas central Lyapunov exponent in (0,e:). By 



Corollary 4.14 this point is homoclinically related to Q*. By Lemma 5.1 
and (5.3) we hence obtain that 



[0,Xc(Q*)\ Cl pcr {H(Q*,F)). 
Similarly, we obtain that 



[Xc(Q*), log (3*} Cl pcr {H(Q*,F)) 



proving that 



[0,log/3*]c:Z P e r (#(Q*,F)). 



sition 



Now we consider the negative part of the spectrum. Note that by Propo- 
3.9 for every e > there exist a finite sequence (£o • • -Cm-i) and a 
z with respect to the map /[^ ...f m _ 1 ] that has Lya- 
e, 0) and whose stable manifold contains the interval 



fixed point p (& .^ m _ 1 
punov exponent in (- 



[0, 1]. By item 1) in Lemma 4.5 the corresponding hyperbolic periodic point 



Pi 



x « is homoclinically related to the fixed point P. Exactly as above, 



we obtain 

[logA.O] Cl pct {H(P,F)). 
Since H(P,F) C H(Q*,F), this proves 



[log A,log/3*] U {log (3} C X per {H{Q* ,F)). 
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By definition of /3* we have 

1 PCI (H(Q*,F)) C [logA,log/3*]U{log/3}. 

Cle arly, l peI (H(Q* , F)) C X xeg {H (Q* , F)) . Finally, note that by Propo- 
sition 3.26[ any Lyapunov regular point is either contained in the stable 



manifold of Q and hence has exponent log/3 or has exponent less or equal 
than log/3, proving 

l Icg {H(Q*,F)) C [logA,log£]U {log/3}. 

This finishes the proof of the proposition. □ 

5.1.3. Spectrum of ergodic measures. The following results we will need in 
the following section. We denote by M(A) the set of F-invariant Borel 
probability measures supported on a set A and by M. eTg (A) the subset of 
ergodic measures. For /i £ Ai(A) let 

Xc(A*) = J log IM-FMI d^. 
Denote by 5q the Dirac measure at Q and consider 

l CTg {H(Q*,F)) d = f { Xc (/i): P G M er g(#(Q*,F)) \ {<5 Q }}. 
The following is an immediate consequence of Proposition |3.26[ 
Proposition 5.4. We We ( log /3, log/3) n X eig (H(Q*, F)) = 0. 

5.2. Phase transitions. In this section we continue our analysis of spectral 
properties and study equilibrium states. Recall that, given a continuous 
potential tp: Ap — > M, a F- invariant Borel probability measure v is called 
an equilibrium state of ip with respect to F\\ F if 

hJF)+ \ pdv = max (hJF)+ / <pdjj\, 
J ^M(F\A F ) \ ^ J J 

where hu(F) denotes the measure theoretic entropy of the measure fi. Notice 
that as the central direction has dimension one such maximizing measure 
indeed exists by [TTJ Corollary 1.5] (see also (9]). Without loss of generality, 
we can always assume that such measure is ergodic. Indeed, given an equi- 
librium state for <p that is non-ergodic, any ergodic measure in its ergodic 
decomposition is also an equilibrium state for ip. Note that 

P(<p) = max (h^F) + ftpdn) (5.4) 
^M(F\K F ) V J J 

is the topological pressure of ip with respect to F\\ F (see [M])- An equi- 
librium state for the zero potential p = is simply a measure of maximal 
entropy h(F) = h(F\\ p ). 

We will study the following family of continuous potentials 



<p t d ^-tlog\\dF\ E c\\, te 
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and will continue denoting P(t) = P(cpt). Note that t t— >■ P(t) is convex 
(and hence continuous and differentiable on a residual set, see also [21] for 
further details). Recall that a number a G R is said to be a subgradient at 
t if we have P(t + s) > P(t) + s a for all s G R. 

Lemma 5.5. For any number t £ M and any equilibrium state fit of the 
potential cpt the number —Xc{n-t) is a subgradient of s i— > P(s) at s = t. If 
moreover s \— > P(s) is differentiable at s = t then Xc{^t) = ~P'(t)- 

Proof. Given t £ 1 and an equilibrium state fit, it follows from the varia- 
tional principle ( |5.4[ ) that for all s £ R we have 

P(i + s) > M^) - (* + s ) Xc(jH) = P{t) - s xM, 
that is, — xdl^t) is a subgradient at t. 

If the pressure is differentiable at t then this subgradient is unique and 
thus all equilibrium states of (ft have the same exponent given by —P'(t). □ 

We now derive the existence of a first order phase transition, that is, a 
parameter t at which the pressure function is not differentiable. Note that 
in our case, by Lemma |5.5[ this is equivalent to the existence of a parameter 
t and (at least) two equilibrium states for ipt with different central exponent. 

Proposition 5.6. There exists a parameter tQ G [ — /i(i ? )/(log/3 — log/3), 0) 
so that for every t < tQ the measure 5q is an equilibrium state for ipt and 
P(t) = — tlog/3. Moreover, s i— > P(s) is not differentiable at s = tQ and 

D-p(t Q ) = -log f3 and D+P(t Q ) > - log/3. 

Proof. Let us first show that <5q is an equilibrium state for some parameter 
t. Recall that (FO.i) implies that Xc(5q) = log/3. Note that the variational 
principle (5.4) implies that for every t G M we have 

P(i) > h 5Q (F) - t Xc (S Q ) = -t log /3. (5.5) 

Arguing by contradiction, assume that there exists no t G M. such that 5q 
is an equilibrium state for tpt. Then, by (|5.4|), P(t) > — tlog/3 for all t. By 



Proposition 5.4 there is no ergodic P-invariant measure different from 5q 
with central Lyapunov exponent within the interval (log/9, oo). Hence, for 
any (Gl any ergodic equilibrium state of ipt different from 5q has exponent 
< log/3. In particular, for every t < we have 

P(t) = V (P) + \t\ Xc(lM) < h(F) + \t\ log /3, (5.6) 

for some ergodic equilibrium state fit of <pt- Summarizing, for t < we have 

|t| log/3 < P(t) < /i(P) + |t| log/3. (5.7) 

But this is a contradiction if t < and \ t\ < h(F) / (log f3 — log /?). Therefore, 
there exist t G K so that 5q is an equilibrium state for ipt. 

Since P(0) = h(F) > log 2 > 0, by continuity of 1 1— > P(t) we have 

t Q = max{t G M: P(t) = -tlog/3} < 0. 
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Consider r G (tQ,0) and an ergodic equilibrium state [i T for (p T . Since 



P(r) 7^ — rlog/3 we have fi T ^ 5n. Hence, by Proposition 5.4, we have 



x(Ht) < log/3- Note again that P(t) > — Tlog/3. Thus, arguing exactly as 



in ( |5.6[ ) and (5.7), we yield |r| < /i(F)/(log/3 — log/3). In particular, this 
implies 

fel < — ^2—=. 

log/3 - log/3 

This completes the first part of the lemma. 

What remains to show are the estimates for the left and right derivatives 
at tQ. Consider again a number r £ (£q,0) and an ergodic equilibr ium 
state /i T for ip T . As above, /i T 7^ <5q and Xc(i^t) < log/3. By Lemma 



5.5 



— Xc(/x T ) is a subgradient at r. Hence, D + P{tq) > — log/3. On the other 
hand, by definition of tQ, we have D~P(tQ) = — log/3. Hence £ h-> is 
not differentiable at tQ. □ 



6. Proofs of the main results 



Proof of Theor em \1 



tions 



3.15 and 3.26 



Items (A) and (C) follow immediately from Proposi- 
respectively. Finally, item (B) is an one-dimensional 
version of item (B) in Theorem [2] using also transitivity in item (D), so we 
will omit its proof. □ 

Proof of Theorem^ The item (A. a) follows from item (A) in Theorem [l] 
together with the skew-product structure of F. 

By Theorem |4.1| there is a saddle Q* of index u+1 such that the homoclinic 
class H = H(Q*,F) coincides with the locally maximal invariant set Ap in 
C. This homoclinic class coincides with the closure of all saddle points 
homoclinically related to Q* . By Corollary 4.14 every saddle of index u + 1 
in Ap is homoclinically related to Q* . By Lemma 3.23 the spine of every 
periodic point of index u + 1 is non-trivial. Hence, the set of all points with 
non-trivial spines is dense in Ap. This shows item (A.b). 

The first part of item (B) follows from the previous arguments. Recall that 
P has index u and that its homoclinic class of P is non-trivial (Lemma 2.6) 
and therefore contains infinitely many saddles of index u. Since this class is 
contained in Af we are done. 

The first part of item (C) follows from item (C) in Theorem [T] together 
with the skew-product structure of F. The fact that the spectrum contains 
an interval and the existence of a phase transition follow immediately from 



Propositions 5.2 and |5.6[ 

Again, by Theorem |4.1| for the saddle Q* of index u + 1 the homoclinic 
class H = H(Q*,F) is the locally maximal set in C and hence contains 
the non-trivial class H(P,F). Finally, Lemmas 2.9 implies that H(Q,F) = 
{Q} C H. This proves item (D) and hence the theorem. □ 



•14 



LORENZO J. DIAZ AND KATRIN GELFERT 



References 

1. F. Abdenur, Ch. Bonatti, and S. Crovisier, Nonuniform hyperbohcity for C 1 -generic 
diffeomorphisms, Israel J. Math. 183 (2011), 1-60. 

2. F. Abdenur, Ch. Bonatti, S. Crovisier, L. J. Diaz, and L. Wen, Periodic points and 
homoclinic classes, Ergodic Theory Dynam. Systems 27 (2007), 1-22. 

3. Ch. Bonatti and L. J. Diaz, Persistent nonhyperbolic transitive diffeomorphisms, Ann. 
of Math. (2) 143 (1996), 357-396. 

4. Ch. Bonatti and L. J. Diaz, Robust heterodimensional cycles and C 1 -generic dynamics, 
J. Inst. Math. Jussieu 7 (2008), 469-523. 

5. Ch. Bonatti, L. J. Diaz, and A. Gorodetski, Non-hyperbolic ergodic measures with 
large support, Nonlinearity 23 (2010), 687-705. 

6. Ch. Bonatti, L. J. Diaz, and M. Viana, Discontinuity of the Hausdorff dimension of 
hyperbolic sets, C. R. Acad. Sciences Paris 320 (1995), 713-718. 

7. Ch. Bonatti, L. J. Diaz, and M. Viana, Dynamics Beyond Uniform Hyperbohcity. 
A Global Geometric and Probabilistic Perspective, Mathematical Physics, III (Ency- 
clopaedia of Mathematical Sciences, 102), Springer, Berlin, 2005. 

8. R. Bowen, Entropy for group endomorphisms and homogeneous spaces, Trans. Amer. 
Math. Soc. 153 (1971), 401-414. 

9. W. Cowieson and L.-S. Young, SRB measures as zero-noise limits, Ergodic Theory 
Dynam. Systems 25 (2005), 1115-1138. 

10. L. J. Diaz, Robust nonhyperbolic dynamics and heterodimensional cycles, Ergodic The- 
ory Dynam. Systems 15 (1995), 291-315. 

11. L. J. Diaz and T. Fisher, Symbolic extensions and partially hyperbolic diffeomorphisms, 
Discrete Contin. Dyn. Sys. 29 (2011), 1419-1441. 

12. L. J. Diaz, K. Gelfert, and M. Rams, Rich phase transitions in step skew products, 
arXiv: 1106. 0051 preprint. 

13. L. J. Diaz and A. Gorodetski, Non-hyperbolic ergodic measures for non-hyperbolic 
homoclinic classes, Ergodic Theory Dynam. Systems 29 (2009), 479-513. 

14. L. J. Diaz, V. Horita, I. Rios, and M. Sambarino, Destroying horseshoes via heterodi- 
mensional cycles: generating bifurcations inside homoclinic classes, Ergodic Theory 
Dynam. Systems 29 (2009), 433-473. 

15. A. Gorodetski, Yu. Ilyashenko, V. Kleptsyn, and M. Nalskij, Non-removable zero 
Lyapunov exponent, Funct. Anal. Appl. 39 (2005), 27-38. 

16. A. Gorodetski and Yu. Ilyashenko, Some new robust properties of invariant sets and 
attractors of dynamical systems, Funct. Anal. Appl. 33 (1999), 16-30. 

17. A. Gorodetski and Yu. Ilyashenko, Some properties of skew products over the horseshoe 
and solenoid, Proc. Steklov Inst. Math. 231 (2000), 96-118. 

18. Yu. Ilyashenko, Thick and bony attractors, conference talk at the Topology, Geometry, 
and Dynamics: Rokhlin Memorial, January 11-16, 2010, St. Petersburg (Russia). 

19. G. Iommi and M. Todd, Transience in dynamical systems, preprint 
larXiv: 1009 .2772^ 1. 

20. Yu. G. Kudryashov, Bony attractors, Funk. Anal. Appl. 44 (2010), 219-222. 

21. Yu. G. Kudryashov, Des orbites periodiques et des attracteurs des systemes dy- 
namiques, Thesis (Ph.D) - Ecole Normale Superieure de Lyon, 2010. 

22. R. Leplaideur, K. Oliveira, and I. Rios, Equilibrium states for partially hyperbolic 
horseshoes, Ergodic Theory Dynam. Systems 31 (2011), 179-195. 

23. E. Olivier, Multifractal analysis in symbolic dynamics and distribution of pointwise 
dimension for g-measures, Nonlinearity 12 (1999) 1571-1585. 

24. P. Walters, An Introduction to Ergodic Theory, Graduate Texts in Mathematics 79, 
Springer, 1981. 



PORCUPINE-LIKE HORSESHOES 



45 



Departamento de Matematica PUC-Rio, Marques de Sao Vicente 225, Gavea, 
Rio de Janeiro 225453-900, Brazil 

E-mail address: lodiaz@mat.puc-rio.br 

Instituto de Matematica UFRJ, Av. Athos da Silveira Ramos 149, Cidade 
Universitaria - Ilha do Fundao, Rio de Janeiro 21945-909, Brazil 
E-mail address: gelfert@im.ufrj .br 



